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BBenenue

brmarogaps mmMpokoMy Kpyry JHCHUIUIMH , B KOTOPBIX  HCHOJIB3YOTCS
nuddepeHnranbHble  YpaBHEHUS, W3YYEHHE 3TOM TeMbl MIpPHOOpEeTaeT 0co00 BaKHOE
3HaYeHHUE B CUCTEME CPEIHET0 MPOPECCHOHATHHOTO 00pa30BaHMSL.

B Tedenuwe Tpex BEKOB, MPOILIEIIIMX C MOMEHTa NOsiBiIeHUS AuddepeHrnanIbHbIX
ypaBHEHUII B MaTeMaTHKe W (PU3UKE, yUeHbIe CamMO€ CEpPhE3HOE BHUMAHUE YJEISUIN
pa3paboOTKe aHaJTUTUYECKUX METOAOB pelieHus AuddepeHlnaIbHbIX YpaBHEHUNH. OTH
METOJIbI CBHITPAJIM BAXKHYIO POJIb B M3YYCHHHM caMuX AU(QepeHInanbHbIX ypaBHEHUN U
MO3BOJIMJIM PACCMOTPETh MHOXKECTBO MPHUKIIAIHBIX 3a/1a4.

PemeHne pasznuuHbIX 3a7a4  METOJOM MAaTEMaTHYECKOTO  MOJAEIHPOBAHUS
CBOAUTCS K OTBICKAHMIO HEU3BECTHOM (YHKLIMH U3 YPaBHEHHUSA, COJEPKAIIEro
HE3aBUCUMYIO NEPEMEHHYI0, MCKOMYIO (YHKLUHIO W TPOU3BOAHBIE 3TOH (YHKIUH.
Takoe ypaBHEeHHE Ha3bIBACTCS OughghepeHyuanvuoim.

Omnpenenenue 1. PemenueM auddepeHinaibsHOro YpaBHEHUST HA3bIBACTCSl BCAKAs
byHKIUS, KOTOpas oOpallaeT JaHHOE YpaBHEHUE B TOPKECTBO.

PaccmoTpuM  HEKoTOpble — 3ajauM, NOpUBOAAIIME K  JU(PepeHIanIbHbIM
YPaBHEHUSIM.

IIpumep 1. Teno, macca koTOporo M, cBOOOJHO MaJAa€T C HEKOTOPOW BBICOTHI.
TpebOyeT ycTaHOBHTH 3aKOH, IO KOTOPOMY M3MepsieTcsi ckopocTh V=V(t) mageHue Tena,
€CJIi Ha Hero Kpome cujbl Tsbkectu P aeiicTByeT TopMossias cuia F; conpoTuBIeHUS
BO3/1yXa, MPOIOPLUOHAIbHASL CKOPOCTH.

Pemenue. [Tycth F — cuna, mop aeiicTBUEM KOTOPOU TEJIO ABUKETCSI CO CKOPOCTHIO

v=V(t) .OTa CKIaapIBACTCs U3 CUIIBI TSDKECTH P=MQ | CHIIBI CONPOTUBICHHS BO3yXa

Fi= -kv, k>0, T.c.

F=P+F;=mg-kv. (1)



CornacHo BTOpoMy 3akoHy HploToHa cuna F, nmeilcTByroimiass Ha TeIo0 Macchl M,

o ! dv
CBsI3aHa C BBI3BIBAEMBIM €10 YcKopeHueM popmyioit F = ma. Tak kak a = v (t) = — > 10
_ dv
F=m — (2)
N3 paBencts (1) u (2) nmonyuaem
dv _
m— = mg kv (3)
av
VYpaBHeHnue (3) CBA3BIBAET UCKOMYIO (DYHKIIHUIO v=v(t) u ee MPOHU3BOAHYIO -
IO3TOMY
SABnsercs muddepeHunanbHpIM ypaBHeHHEM. [lokaxkeM, 4To Besikash (yHKIHS
BUJA

—kt
v=Cem+=2, (4)

rae C- mpou3BoJIbHAs MOCTOSIHHAsSA, SIBISIETCS peiieHueM ypaBHeHus (3). B camom

Jiesie, 3aMEHUB B ypaBHEHUU (3) V. ero 3HaYeHUEM U3 paBeHCTBa (4), moxydaem

d(Ce_%”%) _ -k mg
dt —mg—k(Ce ZH_T)’

m

Ck _Et _ —%t
T.c M (_Ze m ) =mg- kC, ™ - mg,

500041

k k
-Cke m' = -Cke ™m".
Takum oOpazom, ¢yHkuus (4) npeacraBiseT cOOOW HCKOMBINM 3aKOH W3MEHEHUS
CKOPOCTH.
IMpumep 2. Haiitu dpyHkuuro, rpaguk KoTopoit 061agaeT TeM CBOMCTBOM, YTO
OTpe30K J0O0N KacaTeIbHOM, 3aKIIOUCHHBIM MEXIY OCSMH KOOPJWHAT, JEIUTCS

II0110J1aM B TOYKEC KaCaHU.



Pemenwme. [Tycte y = f (X)- uckomas ¢pynkmus, a M (X,y)- MpoOU3BOJIbHAS TOYKA
KPUBOM, ONpENEIsieMO 3TUM ypaBHEHUEM; MPEAJIOKUM JJisi  ONPEAEICHHOCTH, YTO
KpHUBas pacmnojioxkeHa B nepBoit yactu (puc.l). I1o ycrmoBuro 3anaun umeeM BM=MA,
a cinemoBatensHo , OP = PA = x. U3 puc. 1 BungHo, uto tg(£PAM) =MP/PA, 1.e
t9(180° — a) = y/x, i —tg a =y/X.

Pucynoxk 1.

VYuuteiBas, yTo tg a €cTh yriioBOM KO3((UUIHMEHT KacaTelbHOH, KOTOPbIA B TOYKE

M(x,y) paBeH y', nonydaem audpepeHimaibHOe ypaBHEHNUE

y'=-yiX (5)

Pemenuem ypaBHeHus (5) siBnsercs Besikas QyHKIUS BUIA
y = Clx, (6)

rae C- nocrosiHHass. B camom nene, 3aMeHUB B ypaBHEHUHU (5) y €ro 3HAYEHUEM U3

paBeHcTBa (6), MOTyYUM



CrnenoBaTenbHO, paBEeHCTBO (6) ompeaenseT MHOXKeCTBO (yHKUWM, 00Jamarommx
yKa3aHHBIM B 3ajade CBOMCTBOM. ['padumku 3THX (YyHKIMA NpeacTaBiIslIOT cOOOM

cemeicTBo runep6o (puc.2).

. PucyHok 2.

IIpumep 3. ONBITHBIM MYTEM YCTAHOBJIEHO, YTO CKOPOCTH Pa3MHOKEHUS
OakTepuil B 11000 MOMEHT BPEMEHH MOJIOKUTEIbHA U MPOMOPIMOHAIIbHA UX Macce.
Haiitu 3aBUCUMOCTB Macchl OaKTepuil OT BpEMEHH.

Pemrenne. O6o3naunm yepe3 m (t) maccy OakTepuii B MOMEHT BpeMeHH t; Toraa

dm o

E 6y1[eT CKOPOCTh PAa3sMHOXCHHUA IJTHUX 6aKTCpI/II/I. CoryacsHo YCJIOBHUIO 3aJa4u
dam o

CKOPOCTBb PAa3MHOXKCHHUS E MponopuruoHaJIbHa Macce m (t) GaKTepI/II/I, IMO3TOMY

G =km@ ™

rne kK >0 . VYpasaenue (7) comepkuT uckomyro ¢yaknuio M(t) u ee
MIPOM3BOIHYIO, IIOATOMY SABJISCTCS AU PepeHIINaTbLHBIM ypaBHCHUEM. Y 0eIUMCs, 9TO

mobas GyHKIMS BUaa



m(t) = Ce* (8)

rae C- mpousBoJbHAs TOCTOSIHHASA, SIBIsieTCs pemieHueM ypaBHenus (7). B

caMoOM JieJie, 3aMEHUB B ypaBHeHUU (7) M ero 3Ha4€HUEM U3 PaBEHCTBA (8), uMeeM

4D - 1ce K,
dt

i Ckekt = Ckekt,

[TomyuuM TOXIECTBO, clenoBaTenbHO, QYyHKIMS (8) ABIsSETCS peIICHUEM
ypasrenus (7). Tak kak ¢ynkuus m(t) = Cert ornpenensieT Maccy OakTepuil B
3aBUCUMOCTH OT BpEMEHHU t, TO 3a7a4a perieHa.

IIpumep 4. Ha marepuanbayro Touky M Maccoii M JEUCTBYET MMOCTOSIHHAS CUIIA
F1 HampaBieHHas B CTOpPOHY ABMXKEHUS, U cwia F, mponopuuoHasbHa CKOPOCTH U
HaIlpaBJICHHAs IPOTUB JABMKEHUA. HaliTh 3aK0H IBM>KEHMS TOUKHA M.

Pewmenue. Ilpumem ocb Ox mpsiMyto, o KOTOpoil aBuUxeTcsa (Touka M puc.3).

Torna nonoxenne Touku M B MOMEHT

[
A
]
Y
v

Pucynok 3.

BpeMeHHU t xapakrepusyeTcst koopauHatoit X=X (t). CoriacHo yciioButo 3am1aun cuia Fp
MPOTOPIMOHATIbHA CKOPOCTH V ¥ HalpaBJieHa MPOTHB JIBUKEHHS, TOATOMY F, = - KV,

rae k> 0.
Tax kak V= X (t), To Fo= - kx (t).

PesynbpTupyromas cuna F, moa neiicTBUeM KOTOpOU ABUKETCS TOYKa M, paBHA cyMMe

cun FiuF,, 1.

F= Fi+ Fo=F- kx (1). (9)



Ilo BTOpomy 3akoHy HproToHa cuia F, paeilcTByromiass Ha MaTepUajgbHYI) TOYKY
Maccoil M, CBA3aHa C BbI3bIBAEMBIM €10 YCKOpeHHeM Gopmyioi F = ma.
VYuuThIBasl, 4YTO NPU JABUKEHUH IO MPSMOM YCKOPEHHE €CTh BTOPAsl MPOU3BOJHAS OT

KOOpAMHATBLI, HMCCM

F = ma=mx (t) (10)
N3 pasencts (9) u (10) cnenyet ypaBHEHUE ABUKEHUS TOUKU M:
mx (t) = F1- K'X(t). (11)

VYpaBuenue (11) cBs3pIBaeT MEPBYI0 U BTOPYIO MPOU3BOAHBIE UCKOMOW (PYyHKIMEH
x(t) m mocrosHHyto F; , mosToMy sBisiercs U epeHIMaTbHBIM YPAaBHCHHEM.

[TokaxxeM uTo PyHKITHS
x()=Coe M2t + ¢, (12)

rne Cim C, — mpOU3BOJIbHBIC MOCTOSHHBIC, ABJSCTCS pellieHneM ypaBHeHuem (11).

I[JI?I 9TOT'0O HAaXOAUM

X ()= ——Ce*met

" k? .
u X' ()= ——Cse t/m

[oxcrassist HaiineHHbIe 3HadeHns X () u x (t) B ypaBuenue (11)

k> Kkt/m k? «t/m , F1
—_ - - —_— + —
k? L . k? o
[ToryyaeM TOXIECTBO —Cqe im — Z_C etm
m m
Takum o0pa3om, ¢ynkuus (12) sBigercss penieHueM YpaBHEHHS (11),

CJIEA0BATENBHO, U 3aKOHOM JIBMXKEHUS TOUKHA M.
PaccmoTpenHbple mpHUMEpBI  MTOKA3bIBAIOT, KAaKMM MOIIHBIM MAaTeMaTUYECKUM
anmnapaTtoM siBiseTca AuddepeHunanbuble ypaBHEHUS MPU PEUICHUU Pa3IMYHBIX U

BC€CbMa HCIIPOCTBIX IIPAKTHYCCKHX 3a1ay.



Pazgen 1. IuddepeHunanbHble ypaBHeHUsI NMepBOro nopsiika. QOcCHoOBHbIE
NOHATHUS

1.11lonsiTHE O COBOKYNMHOCTH pelleHHid, 001eM pelieHUH W YACTHOM pelleHUuH
g depeHInATbHOI0 YPABHEHUS.

Onpenenenne 1. Juggepenyuanvuviv ypaenenuem Ha3bpIBa€TCd ypaBHEHUE,
coJiepKalllee He3aBUCUMYIO IEPEMEHHYIO X, ICKOMYIO y M €€ IIPOU3BOJHYIO ¥V, Y ,...

Y.

CumBonnuecku qudPepeHnnaibHOe YpaBHEHHUE 3aIIUChIBAETCS TaK:

F(Xy.y.Y ... Y)=0 (13)

Hanpumep, ypasHerust 2x+ y —3y=0, y*—4=0
sin y= cos Xy, y = 2X
aBisieTcs: AU epeHInanbHbIM YPABHEHUSMH.

Onpenenenue 2. Ilopsaxkom auddepeHIUATBLHOIO YpPAaBHEHHS HA3bIBACTCA
HanOONbIINHN TOPSAOK IPOU3BOIHBIX, BXOASIINX B JaHHOE YpaBHEHHUE.

Hamnpumep, Xy +y—2=0 — ypaBHeHHUe IIepBOro NOpsiaKa; y +7y—3y=0 - ypaBHeHue
TPETbEro nopsijika; ypasHeHue (13) sBisercs ypaBHEHUEM N-T0 MOPsAKA, 3alIUCAHHBIM
B OOILIIEM BHJIE.

Onpenenenue 3. JuddepeHnuaibHbIM ypaBHEHHEM TMEPBOro0 MNOPSIAKA

HAa3bIBACTCA YPABHCHHUC BHJIA

Fx,y,y)=0. (14)

Pazpemas ypaBHenue (14), ecinm 3T0 BO3MOKHO, OTHOCUTEIHHO MPOU3BOJAHON Y,
MOJTYYUM

y=f(x.y) (15)



Onpenenenue 4. YpaBuenue (15) HazbIBaeTcs ypasHenuem nepeoco nopsoxa,
PpaspeuteHHbIM OMHOCUMENbHO NPOU3BOOHOU

Wnorna ypasaenus (14), (15) 3anuceiBaroT B nuddepeHimanax:

P(x,y)dx + Q(x,y)dy=0 (16)

Tak npu pa3nUyYHbIX 3HAYEHUSX MTOCTOSIHHOW C paBeHCTBO
y=C/x (17)

Omnpenensier pa3IMdHbIC PEIICHUS YPaBHEHUS

’

y=- (18)

< I

Hanpumep, HemocpeacTBEHHON MOICTAHOBKOM MOXKHO YOEAUTHCA, UTO QYHKIUH

y=1/x mpuC=1 u y=3/x nupu C=3

SIBIISICTCS pemeHussMu ypaBHeHus (18).

Takum o6pa3zoMm, kaxaomy auddepeHIHaTbHOMY YPaBHEHHIO COOTBETCTBYET,
KaK IPaBWIO, 0€CKOHEYHASl COBOKYITHOCTb €r0 pPelIeHHil.

Omnpenesienue 5. Bcskoe OTAENbHO B3ATOE pelieHHuE IudPepeHInaIbHOro
YPaBHEHUS HA3BIBACTCS €0 YaCTHBIM pemieHueM. C reoMeTpruuecKod TOYKH 3pEHUs
MPEACTABISIET COOOM CEMENWCTBO KPUBBIX, Ha3bIBAEMbIX HHTErPAJIbHBIMUA KPUBBIMH,
a Ka)KJ10€ YaCTHOE PELIEHUE MPEICTABIISET OTAEIBbHYIO HHTEIPAJIBHYIO KPUBYIO.

Jiis MHOruX aud@epeHuanbHbIX ypaBHEHUI MEpBOro MOpsAAKa MOXKHO YKa3aThb
dbopmyiy Busa
y=0¢ (x,0), mm y=y(x,C) (19)

rne C — mpou3BOJIbHAS MOCTOSIHHAS, Takast uTo npu Jrooom C ¢pynkuus (19) sensercs
pellleHneM paccMaTpuBaeMoro ypaBHeHus. Kak Mbl yxe 3ameTwiu, u3 Gopmyi
obmero Buaa  (19) MOXHO TOJNYYHTH OTHAEIBHBIC YACTHBIC PEIICHUs, MpUaaBas

noctosHHOM C paznuyHble PUKCHPOBAHHBIC 3HAUCHHUS.

Onpenenenue 6. Oynkuwus, 3amanHas Gopmynoit (19), mpeacrabiser obiree

pelieHue mupdepennmranbioro  ypaBHeHusa (14) wmum (15), ecnmu npu mo6om



3HadeHnu C dTa QyHKIUS SBIsieTCS pemeHneM ypaBaenus (14), coorBercteHHo (15),
U J1I000€ 4YacTHOE pelIeHHEe MOXKeT MosiyueHo u3 (19) mpu HEKOTOpOM 3HauY€HUU
nocrossHHOM C, T.e. (19) mpencraBisieT BCIO COBOKYIHOCTb PELIEHUH TaHHOTO
YpaBHEHUS.

Eciu u3 ¢opmyinsl (19) MOXKHO MOJNy4UTh JIMIIL T€ PEIICHUS, TpadUKU KOTOPBIX
JeKaT B HEKOTOPOW 00JIaCTH, TO TOBOPST, YTO OHA MPEACTABIISIET O0LIee pelleHuH B
JAHHOU 00/1aCTH.

WNHorga He ynaercss MOMY4YUTh peuieHus Tu(epeHINaIbHOT0 YpaBHEHHUS B SIBHOM
dopme y=¢ (x) wmm y=¢ (x,C), a momy4yaroT UX B HESBHOU ¢opMme, T.e. pelIcHHe

3anaercsa GpopmyIion Buaa
O(x,y) = 0 mmm D(X,y,c) (20)

Onpenenenue 7. Breipaxenue d(x,y) = 0 wumu D(X,y,c) B ITOM ciyyae
Ha3bIBAECTCSI MHTErpajioM (4acTHBIM, 001uM) 11 depeHInaIbHOr0 YpaBHEHHUS.

3ametuM, 4TO He Bceraa u3 ¢opMynbl Buaa (19) MOXHO MONMy4uTh BCHO
COBOKYIHOCTb PEIIEHUI TaHHOTO AU ()EepeHIINATBHOTO YpaBHEHUS.

Hampumep, nuddepennmanbioe ypaBHeHHE

y'=y1-y? (21)
uMeeT mpu Jro0om C perieHus
y =sin (x+C). (22)
OyHKIUU y=1,y=—1

TaK)Ke SIBIIAIOTCS pelleHusMu ypaBHeHus (21). Ognako HM npu Kakux 3HaueHusx C

OHHU HE MOTYT OBITh MOJTyYeHbI U3 petieHus (22).

Mo>kHO yKa3aTh U ipyrue pemienus ypasuenus (21). Hanpumep, pyHkimum

1 Amxsg—c

X:
o(x) Sin(X+C)AJIHx>§— C

yAOBJIETBOPSIIOT ypaBHEeHUIO (21) npu mrodom C.
3amMeTuM, 4TO WHOT/Aa (B HEKOTOPOM HECTPOTOM CMBICIE) Jt000e pelieHrne oOIIero

Buaa (19) HaspiBarOT 00IMM petieHreM AuddepeHnmraibHoro ypasuenus (14).



1.2 3apaua Kommn.

[Ipu pemieHUM KOHKPETHBIX 3a7a4 YacTO HEOOXOJWMO BBIICIUTh W3 BCEU
COBOKYMHOCTU pelleHuid AuddepeHuaibHOr0 ypaBHEHUSI TO YAaCTHOE peEIIEHUE,
KOTOpOE€ SIBJIIETCS. OTBETOM Ha MOCTaBJIEHHBIM Borpoc. Jljist Toro 4toObl W3 Bce
COBOKYIMHOCTU PEIICHUN BBIICTUTH OTACIbHYIO MHTEIPAbHYIO KPUBYIO, 33JaI0T TaK
Ha3bIBAEMbIE HaualbHble ycaosus. B cnydae nuddepeHImanbHbIX YpaBHEHUH IEPBOTO
nopsiaka (15) mon Hauanvhvivu ycnosusmu g €ro pelieHus y=y(X) NOHUMAIOT

YCJIIOBHA, COCTOAININC B TOM, YTO Y=Yyo IIPpHU X=X¢q, T.C

y=(X0)=Yo (23)
I7Ie Xp M Yo - 3aJjaHHbIe YKclia (HayaldbHbIE JaHHBIC) TAKHE YTO MPU X = XoU Y = Yo
¢ynknus f (x,y) umeet cMmbich, T.e. cymectByet f(Xq;yo ).

Onpenenenue 8. 3amaua HaXOXKACHUA YAaCTHOTO pemieHus: audQepeHnanbHoro
ypaBHEHUS, YAOBIECTBOPSIONIETO 3aJlaHHbIM HayaldbHBIM YCIOBUSAM, Ha3bIBAETCA
3agaueit Kommu.

B cinywae muddepeHnmansHoro ypaBHeHHsI TEpBOro mnopsaka 3amadya Ko
GopmynHupyeTcs CleAyrommuM o0pa3oM: Hatimu peuwtenue v = y(X) ypaenenus V'=f
(X,y) yoosnemeopsiowee npu 3a0AHHBIX HAYAAbHLIX OAHHBIX (XoYo) HAUATILHOMY
VCI08UIO y = (Xo) = Yo Wi 8 Opyeoll 3anucu, y,=xo=yo, 20€ Xo_ Yo- 3A0aHHbIe
yucia.

[TycTh maHBl HayadbHBIC NAHHBIE Xo=2, )o=3 WU TpeOyeTcs HAWTH YacTHOE
pemieHre y = y(X) ypaBHeHus (6), YIOBIETBOpPsIOIIee HavyaabHOMY ycioBHiO y(2)=3.
Ms1 ormetunu, uro ¢yHkuus (5) npu mob6om C sgBISETCS pELICHUEM YpaBHEHUS
(6).Iloncrasmsist B popmyiy (5) HavanbHble naHHble X=2, y=3, HaiigeM 3= C/2, t.e. C

=6. TakuM 00pa3oM, HCKOMBIM YaCTHBIM PEIICHUEM YpaBHEHUS (6) sBisieTcs] QyHKUUS

y = 6/X.
['eomeTpuueckoe pelieHue, yAOBIETBOPSIONIEE HAYaIbHOMY YCIIOBHIO Y(Xg)=Yo,
NPEACTABISCT HHTETPATBHYIO KPUBYIO, TIPOXOIAIIYIO Yepe3 NaHHYI0 TOUKY (Xo: Vo).
Taxk, obmiee pemenue y = C/X ypaBHEHHS y' = — y/X ONpeeNseT CeMElCTBO

PaBHOCTOPOHHHUX FI/IH€p6OH, ACUMIITOTaMHU KOTOPLBIX ABJIAIOTCA OCH KOOpAWHAT



(puc.2), a taxxe mpsmyto y=o (mpu C=0). UacTHoe pemieHne y=6/X ompenemnsieT
rUIepOoIy, IPOXOIAIIYIO Yepe3 Touky (2;3).

Ipumep 5. Jlokazats , uto npu Jiro6om C QyHKIUS
C 2
y=—+X (24)
X
SIBJISICTCSI PEIIICHUEM YPaBHCHUS
' y
y'+ ==23x. (25)
X
Haittn wactHOE pemieHune, yaoBIETBOPSIONIEEC HAYAIIBHOMY YCIOBUIO

y(1)=1.

Pemenue. 3ameHUB B ypaBHEHWHU (25) y ero 3HadyeHHEM U3 paBeHCTBa (24),
MOTY4YUM

C 2’ 1 C 2\ —

=+ + = (=4x?%) =

(X X“) X(XX) 3x
17001

C C
— S +2x+ - +x = 3%, T.e. 3x = 3x.
X X

CrnenoBatesbHO, QyHKIUs (24) ABISCTCSA pelICHHEM ypaBHeHHs (25) npu Jr000M

noctostHHOM C. Tloacrasnsis B (24) HayanbHbIe yciioBUs X=1, y=1, Haligem

1=+ 1,1reC=0.

1

TaxuM 06pa3oM, HCKOMBIM YaCTHBIM PELICHHEM 6yaeT GyHKIMS y= X",
1.3 IuddepenunanbHble yPABHEHUSI ¢ Pa31e/sIIOIUMUCS MepeMeHHbIMH

Omnpenesenune 9./ludbdepeHuransHoe ypaBHEHHE  HA3bIBACTCS YpPaBHEHUEM C
pa3IeNAIOIIUMUCS IEPEMEHHBIMHE, €CII UMEET CIICTYIOINN BU/I:

y' =fi(x) - fa(y). (26)

Ecnu fy(y)# 0,70 ypaBHEHHE C pa3aesIOMIMMUCS MepeMEeHHbIMHU() TIepenucarhb
B BUJIe (pa3aeNuTh MePEMEHHBIC)

dy _
2= fy(x) . 27)

VYpaBuenue Bujma (27) Ha3plBaeTcsl  YpaBHEHUEM C  Pa3/ICJICHHBIMH
NepEMEHHBIMH.



Ero pemenrie HaX0UTCsI HHTErpUPOBAHUEM O00EUX YaCTEH:
ay _ -
——=[fi(gdx=C, (28)
2(»)

W
Fa(y) = Fu(x) + C. (29)

Utak, npu pemennn auddepeHImaibHbIX YPaBHCHUNH C pa3aeisIOIIUMUCS
MIEPEMEHHBIMU MOYKHO PYKOBOJCTBOBATHCS CIEAYIOIINM aJITOPUTMOM:

1)ripor3BOIHYIO (PYHKIIMH Mepenucarh yepes nuddepeHimansr,

2) wieHbI ypaBHEHHS C OAMHAKOBBIMU AU PEpeHIInaIaMu MEPEeHECTH B OJHY CTOPOHY
paBEHCTBA U BhIHECTH AU PepeHIma 3a CKoOKy

3) pa3aenuTh MepeMeHHBIC (C YUETOM YCIOBHM, KOT/Ia 3TO BO3MOXKHO CJIENIATh);

4) uHTErpHpys MOWICHHO MOJIYYEHHOE YpaBHEHHE C Pa3/ejCHHBIMH I€PEMEHHBIMU
(27), Haiitu ero o0 uaTerpai (29);

5) BBIACHUTH, UMEET JU ypaBHEHUE (206) pelieHus, He MOTydaroluecss U3 OOIIero
uHTerpana (29).

IIpumep 6. Haiitu oOuiee pemieHne ypaBHEHUs
(1+y)dx — (1-x)dy= 0.

Pemenue. [IpeoOpazyem ypaBHEHUE:

-(x-1)dy = (1+y)dx.

dy — dx
(1+y) (x-1)

Paznensiem nepemeHHsbie:

dy _ dx
Uurerpupyem: [ ri | O

[Tomyuaem In|1 +y| = -1In|1 —x| + InC

WJIH, HCTIOJIB3Ys CBOMCTBA JIOTapu(hMOB

1+y = C/ (1-x) — oO1iiee peleHre ypaBHEHHS.

Ipumep 7. Haiitu oOmiee pemieare ypaBaenns (3-2x)dx=(1+5y) dy
Pemennue.

Oto nuddepeHnranbHoe ypaBHEHUE C Pa3IeICHHBIMU IIEPEMEHHBIMH.

HNuterpupyem paBeHCTBO:



f(3—2x)dx= j(1+5y)dy
3fdx—2[xdx =[dy+5/[ydy
3x—2x—2+C=y+ 5 2
2 2
I

2
3x—x% +C=y+ 5 y? — o0lLIee peleHue.

IMpumep 8. HaiiTu oO1ee pemieHre ypaBHCHHS (xy2 +Xx)dx = (y- X2y)dy.
Pewenue.

BBIHGCGM 06HII/IC MHOXUTCJIIA B 06eI/IX qacTiax ypaBHeHPl}I:
x(y? +1)dx = y(1-x?)dy

PaBI[CJII/IM IICPCMCHHBIC

xdx  ydy
1-x% y?+1
HNuTerpupyem:
Iyﬂl_Il-xZ
L inly? 1‘ 1|‘1 2 [+ inc
— + - - — - _
> nly > nil-x > nC.

YMHOXHUM PaBEHCTBO Ha 2:

In

y?+1 ‘:InC-In‘ 1-x2 ‘

[Ipumensisa cBoiicTBa JorapuMoB, ojrydaeM o0111ee perieHue




IIpumep 9. Haiitu ob1iee peiieHre ypaBHEHUsT y = X¢€

Penrenue.

o dy
3aMeHUM 0003HAYECHUE IIPOU3BOJTHON y' HA —.

dx
[Tonyunm
d
_y :X2 eX
dx
Paznensem nepemeHHbIE:
dy = x%e*dx

HNuterpupyem:
[dy = [ x?e* dx.
Jdy=y,
a maTerpan [ x?e* dx UHTErpupyeM Mo 4acTsm.

[ x2e* dx = u=x?,dv =e*dx,
du = 2xdx, v = e*

=x? e¥ —2 [xe*dx=x? e* -

u=x ,dv =e*dx,

- =2 5X _ X__ x — 2 X x X
du =dx, v =e* x- e 2(xe fe dx)=x“ e* -2x e*+2e

+C.

Hrak,

2 eX -2 x e*+2e* +C - oblee penieHue.

y=x
Haittu yactHbI€ penieHnst ypaBHEHUH.
Mpumep 10. (2x-1)dy = (y+1)dx, ecmuy = 0 npu x = 5.
Pemenue.

Paznensem nepemenusle:



dy dx

y+1 2x-1°

HNuTerpupyem:
dy  dx

j y+1 = 2x-1

[Tonmyuaem
1
In(y +1) = EIn(Zx-l) +1Inc

158105

y+1=ce,/2X-1-001ee pemieHue.

[ToncraBum B oOl1ee pelieHne HayalibHble yciaoBus X = 5,y = 0:
0+1=Cy2e5-1=1=3C= C:%.

Haitnennoe 3nauenue C nojcTaBisieM B 00I1Iee PEIICHHE:

1
y+1l= § 2x-1
1581071
= 1,/2 1-1
y- 3 X -1-1-9aCTHOE€ pCLICHUEC.
dx _ -

ITpumep 11. 2 +ctgxesinydy=0,ecmu y = T npu X =,

COS” X *COSY 3
Pemrenue.

Pa3znenum nepemeHHbIE:

dx
(cosx)2ctgx’

Siny cosy dy = -



WHTerpanel pemaeM METOAOM 3aMEHBI IEPEMEHHOM.

. _| t=siny, |_ _ t? _ (siny)?
[ Siny cosy dy = |dt=cosydy = [tdt = ==

1
3ameHuMm ctgX Ha —,
tgx

TOT/Ia
e Pl By oS
(cosx)2ctgx (cosx)2 |dz = (cosn)? 2
Nmeem
(siny)* _ _(tgx)® €
2 2 2

YMHOXHM PaBEHCTBO Ha 2:
Sin’y = - tg? +C - o61ee perreHue.
[ToncTaBuM B OOIIEE pelIeHUE HAYAIbHBIE YCIOBUS:

Sin’n = - tgzg +C,

0=-(3)*+C.
Ortcrona C = 3.

Torna sin* y =—tg*X+3-4aCTHOE pEIICHUE.

1.4 Onnopoanbie TupdepeHnNAILHbIE YPABHEHHSI IEPBOT0 MOPSIKA
Onpenenenne 10.Ypapuenue Buga P ( X,y ) dx + Q( X,y) dy =0, (30)
rme P (X, y)u Q(XYy) — oaHOpoJHbIE (YHKIHUH OJMHAKOBOTO HM3MEPCHHMS,
Ha3bIBACTCS OAHOPOAHBIM AuddepeHIIMaTbHBIM ypaBHEHHEM IIEPBOTO MOPSIKA.

YacTo 0JTHOPOIHOE YpaBHEHHE 3aMUCHIBAIOT B BUIE
P
y=f(2) @1
1581051

y'=1(5) (2



ITopsnok pemenus:

1) B ogHOpOoAHOM U (GEPECHIIMATEHOM HY)KHO IPUMEHUTD TIOJICTAHOBKY Y = ZX, TJIe
Z = Z(x) - HOBas Heu3BecTHas GyHKIMSA, y' =2' X +Z

2) CBeCTH TOJY4YCHHOE YypaBHeHHE K jauddepeHImaibHOMy YpaBHCHHIO  C
pa3leNSIOIUMHUCS TIEPEMEHHBIMU;

3) pa3zenuTh NepeMeHHBIC U IPOUHTETPUPOBATH;

4) BBITIOJIHUTH OOPATHYIO 3aMeHy Z = y/X.
Hatitu obmue penennst ypaBHEHUH.

Mpumep 12. (x*—2y?)dx +2 xy dy=0.
Pemenue.

B naHHOM ypaBHeHHH GyHKImH P(X.y) = x°—2y?, Q(X,y) = 2 Xy — OZHOPOZIHBIC
GYHKIIMA BTOPOTO HW3MEPEHHUs, CIIEI0BATEIbHO, IaHHOEC YpaBHEHUE SIBIISCTCS
OAHOPOIHBIM. [Tonoxum

y=1X,

otkyna dy = zdx + x dz.

IMoacrasisieM 5TH BEIpakeHUs y U 0y B TaHHOE ypaBHEHHE:
x2dx—2(zx)%dx+2xzx(z dx+x dz)=0,

T.e. x2dx—2z%x%dx+ 2z°x%dx+2zx%dz=0

WU dx+ 2 zxdz=0.

Pasnensem nepemennsbie (cuntas x+0):
d
2zdz+= = 0.
X
WHuTerpupyem mowieHHO 3TO ypaBHEHHUE ( YUUThIBas, 4TO Z= (X)):
d
[ 2zdz + f:x = C,,0otkyxa z*+1n|x| = 1n|C|,

zZ=Ln|C|-Lnl|x]|,

C
7% = Ln|—,
C 72
Te - =e WIN
X
_ 52
x=Ce™%

BosBpamasce k npexneit pyskiuu y (z=y/X), HaxoauMm o0l HHTETpa



X2
X= Ce‘yz/ — o0111€€ pelIeHue.
Mpumep 13. (x — y)ydx — x’dy = 0.
Pemenne.

IIpuBenem ypaBHEHHE K BULY

r— y —
y'=f(=), ey =—.

ay  _ =y
dx x2

[IpumMeHnM OACTAHOBKY Yy =12ZX,y =Z'Xx+Z:

(x—zx)zx
! —_—

YrpocTum npaByro 4acCTh YpPaBHEHHUS:

(x—zx)zx _ x*(1-z)z

= = =(1-2)z=z-7%

Torna
2’x+z=2-72°
2

Z'x = —-27°,
dz
Zx=-7
dx

PaBI[CJIHGM IICPCMCHHBIC!

dz _ dx

z2 X
WuTerpupyem mnocieaHee paBeHCTRO:

dz _ dx

z2 x
[Tomygyaem
—Z=-1In|x| - InC,

zZ
1
== In|x| + InC,
1
;: |n(X+C)

HJIn



1
—=In C).
y/x (x+0)

Orcrona

§ = In(x + C) — obmee pemreHue.

Mpumep 14. X%y’ = y* —xy + x°.
Pemenue.

[IpuBeneM ypaBHEHHUE K BULY

! — f—d
y=f(2), ey =22

dy _y2-xy+x2
dx x2 '

[IpruMeHUM MOACTAHOBKY y = ZX,y' =2Z'X +Z:

7' x 47 = (zx)2 - xzx + x2

x2

YHpocTuM MpaByro 4acTh YPaBHEHUS:

ZX)2 - XZX + X2 x2(z2—z+1
(z2)2 - x2x + x2 _ x2( )_2 41

x2 x2

Z’x+z=7"-z+1
WJIn
Z’x=72-2z+1,

e — 2
Z’x=(z-1).
dz 2
—Xx=(z-1)".
—X=(z-1)
Paznensem nepemeHHbI€:

dz _ dx
(z-1)2 «x'

HNHuTterpupyem nocieaHee paBeHCTBO:

f dz _ d_x
z-12 Y x°

[Tonyyaem

1
- == Inx -InC.

Z—

Torna



|-
1o

=In-=
z—1 x
L = |n E
Y17 Ty
X
c
—=1n ~- o011iee pemeHue.
Hpumep 15. y' =
Pemienue.
x_
Z'x+z =22
zx+x
x(z—1
2'X+z= (z—1)
x(z+1)
, z—1
I X =——1,
z+1
, o z%+1
ZX =- .
z+1
dz  _  z?+1
dx " z+1’

Paznensem nepemeHHbie:

(z+1)dz _ dx

z24+1 x'
HNuTerpupyem nocieanee paBeHCTBO:
f (z+ 1)dz dx
z241 x'
B pesynbprare uHTErpUpOBaHUs MOJIy4yaeM
% In|z| +arctgz=-1In|x| + C.

3aMeHseM Z Ha Y/X !

% Inly/x| + arctg y/x = - In |x| + C — oGree perienue.

Ipumep 16. HaiiTu yacTHOE pellieHUE ypaBHEHUS



2Xyy'= X*+ Y2,
ecnu y=2 npu x=1.
PelieHue.
3amnucas HaHHOC YPABHCHHC B BUIC
(x*—y?)dx -2 xy dy=0 (32)
JIETKO MOKHO Y6€III/ITI>CH B TOM, 9YTO OHO OOJHOPOJHO. IHonoxum Y=ZX, OTKyJa

dy= zdx +xdx . [ToxcraBnss 3HaueHus y u  dy B ypaBHenue (32), umeem (mpu x#0,
1-2°#0)
( x°4+2°x?)dx - 2xzx(zdx+xdz)=0<

2zdz _ dx
1-22  x

& (1—2z2) dx = 2xzdz
HNuTerpupys, nonydaem
—1n|1 — z?| =1n |x| — 1n|C| , C=0,

OTKyJia

2
x(1—2z2)= C, uau x (1—2{7—2 )= C.

[TocTaBuB B HAalICHHOE PEIIEHNE HAYAIbHBIE YCIOBUSI, HAUJIEM
y2
1(1-%)=c,rec=-3.
X
UTak, uCKoMoe YacTHOe pellleHue Oy ieT
2
X(1 — y—z) = -3, mm x> -y’ + 3x =0,
X

Ipumep 17. CoctaButh ypaBHEHUE KpUBOM, mpoxoasiei yepe3 Touky A(1;0), eciu
M3BECTHO, YTO YIJIOBOM KOA((UIIMEHT KacaTeIbHOU B KaX/I0W €€ TOUKe paBeH (2X +y)/
2X.

Pemmienve.  Ha ocHOBaHMM T'€OMETPUYECKOTO CMBICIa TPOU3BOIHON (YTIIOBOM
Kod(DUIIMEHT KacaTeIbHOM K PaBEH MPOU3BOAHON PYHKIIMHU Y') MoIydaem

dy _ 2x+y
dx  2x

T.¢ ( 2x+y)dx —2xdy= 0.

B monyuennom ypaBHenun P (X,y)= 2x +y m Q(X,y)= - 2x, ciemoBaTelbHO, OHO
onnopoanoe. [Tonoxkum Yy =2zX , otkyma dy = zdX +x dz.

Toraa ypaBHeHUE IPUHUMAET BU/



(2x + zx) dx — 2x(zdx +xdz)=0
WIH (2— z) dx - 2xdz =0.

Paznensem nepemenHble

HNHTterpupys 3T0 ypaBHEHUE, HAUIAEM

— 2 In |2—-z|-1n|x] = — 1In |c|e21n|2—-2z|+
+1n|x|=1n|C| © x(2 — 2)*=0

BosBpartnasce k npexHeit yHKnu y, 0yJeM UMeTh

x(2 — §)2= C, wm (2x —y )*=Cx.

[loacTaBisist KOOpAUHATHI TOUKK A B HaliJIEHHOE 00I1Iee pelIeHre, MOIyYuM
(2:1-0)*=C-1, T.e. C=4.

Nrak, nCKOMO€ ypaBHEHUE KPUBOU UMEET BU/JT

(2x — y)*=4x.

1.5 Jluneiinbie nudppepeHnnaibHbIe YPABHEHUS MIEPBOT0 MOPSAKA

Onpenenenne 11. uddepenimansHoe ypaBHeHne nieporo nopsiaka y' = f{X, y)
HA3bIBACTCS JIMHEHHBIM, €CIIM UMEET CIICAYIOIIUNA BU/L:

y' + P(X)y = Q(x), (33)

riae P(x) u Q(x)—3ananHbie GYHKIHH OT X.

[IpuBoaum (6e3 mokazarenbcTBa) Teopemy Kommm s JTUHEWHBIX ypaBHEHUH
MEPBOTO TOPSIKA.

Teopema Kowwu. Ilycmo (a; b) unmepsan, ¢ xomopom gpyuxyuu P (x) u Q (x)
nenpepuleuvl. Tocoa: onsi nmobvix xg € (a;b) u yo € (—o0; 40 ) 3a0aua Kowwu c¢
HAYAIbHLIMU 3HAYEHUAMU (Xo, Vo) UMeem eOUHCMBEHHOe peulerue, m. e. Cyuecmeyem
eouncmeennoe pewenue y = y(x) ypasnenus (33), yoosnemeopsiowee HA4aAIbHOMY

yenosuro y(xo) = Yo.

Haxoxnenue oOmiero pemeHuss JMHEWHOro Aud@depeHlnanbHOro ypaBHEHUS
nepBoro nopsiaka (1) ceomutes K perieHuto nByx auddepeHmaibHbIX YpaBHEHUN ©
pa3lieJI€HHBIMU IEPEMEHHBIMU C TIOMOIIBIO MTOJCTAHOBKU

y =uv, (34)



rae U u V—neusBecTHble QyHKIUU 0T X. U3 (34) Haxonum

p =4y _  av av
y dx—udx+vdx. (35)

[loncraBuB 3HaueHus y K y' B ypaBHeHue (33), moxydaem

dy dy _
u—+ U(E + P(x)uv = Q(x)
WIn

U% + U(Z—z + P(x)u = Q(x) (35)

Tak kak uckomasi GyHKIMS y MOJCTaHOBKOM (34) mpeicTaBiieHa B BUJE IPOU3BEICHUS
IBYyX (GyHKIMM U U V, TO OJIHY U3 HHUX, HApUMep U, Mbl MOXEM BBIOpATh MO HAIIEeMy
ycMoTpeHuto, kpome U = 0. BriOepem GpyHKIHIO U TaK, 4TOObI

dy _
— + P(x)u =0, (37)

T. €. B KadecTBe (DYHKIIMU U BO3BMEM OJIHO M3 YAaCTHBIX perieHui U* ypaBHeHus (37).
Pemas ypaBuenue (37) Kak ypaBHEHHE C Pa3eiAIOMIMMUCS TEPEMEHHBIMU, HAWIEM
OTJIMYHYIO OT HYJIS (QYHKIUIO

u*:e_ f p(x)dx

Tak xak QyHKIHsS U* siBIsieTcs peieHreM ypaBHeHus (37), TO TOCie MOICTAaHOBKH €€
B ypaBHeHHeE (36) monyyum

*

d
U2 = Q(x), redv = ff(’;)) dx (38)

PemmuB ypaBuenue (38) kak ypaBHEHHE C pa3/ieJICHHBIMU MEPEMEHHBIMHU, B KOTOPOM
U* wum3BectHa, Haiinem ¢ynkmuio V = — V(X, C), coaepxallyr TPOU3BOJILHYIO
nocTostHHY0 C U SBJISIFOIIYIOCS OOIIUM pelieHueM ypaBHeHus (38).

3aMEHUB B paBEHCTBE y = UV PYHKIIMU U ¥ V K HAHJICHHBIMU 3HAYCHUSIMH, TTOJIYIHM
penieHue

y = u*(x) v(x, C)



ypaBHeHus (33), cojpeprkaiiee BMecTe ¢ GyHKIUEH V B TPOU3BOJIBHYIO MTOCTOSTHHYTO C.

IIpumep 18. Haiitu oOuiee pemienne ypaBHEHUS
(1+ x%) y—xy =2x.

2
Pa3nenuB Bce wieHbl JaHHOTO ypaBHEeHHS Ha 1+x°#0,

> Xy 2x (39)
ImojJrydacm =—.
Y T~ 10

X 2X
1+X2’ Q(X) o 1+x2.

3neck P(x) = —

dv

TToJIOXKHM V= UV , OTKyIa Y = uﬂ +V
y ” ny y dx dx .

[IoJCTaBUM 9TH 3Ha4eHHUs y U Y B ypaBHenue (39):

dv + dv Xuv _ 2x
dx dx 1+x2 1+x2°

CrpymnmnupyeM 4ieHbI, CoepiKallie, HanpuMmep, V, H BbIHECEM V 3a ckoOKy. Eciu To
K€ CaMoe CJlieNlaTh OTHOCUTEIbHO (YHKIUH U, TO TOJIYYUTCS 3alKCh, aHAJIOTHYHAS
(40), B KOTOPO¥ TOJIBKO TIOMEHSFOTCS POISIMH QYHKIMK U U V.

dv+ ﬂ xu)_ 2x

dx dx  1+x27  14x2"

(40)

Bribepem gynkiuio U # 0 Tak, 4TOOBI BRIpaX€HUE B CKOOKaX OOpaTUIIOCh B HYIIb,
T.€. 4TOOBI

dv _xuv
dx  1+x2

=0. (41)

Torna ypasaenue (40) mpumet BUI



i = = (42)

dx  1+x2"

Pemaem ypaBHenue (41) kak ypaBHEHHE C Pa3ACISAIONIUMUCS TEPEMEHHBIMU (TIPH

u£0):

du xu du xdx
dx 14x2

WuTterpupys, moiryyaem 1n|u|:% 1n |1 + x2]%), oTkyma

u=v1+x2 (43)

[ToncraBuB 3HaueHue GyHKIMHU U B ypaBHeHHE (42), HalimeM

V1 + x?2 %:

dv = 2xdx
2 T.C. = —(1+x2)3/2

2X
1+

OTKyJa

2

V:_W‘F C

(44)

3aMEHUB B MOJICTAHOBKE Yy = UV (DYHKIIMU U U V UX BBIPAKCHUSIMHA U3 paBeHCTB (43) u
(44), mony4yrM HCKOMOE 00IIIee PeIICHUE TAHHOTO YPABHCHHMS:

y= V1 +x% (C—/1+x2),

WIIH

v= /1 +x2 -2

Mpumep 19. Haiitn uacTHOE peleHie ypaBHEHHS Xy —y = X3, ec/id y= % npu x=1.
Pewenue.

3anuieM JaHHOE YPaBHEHHE B BUJIE

’ y 2
_—— X .
y X

[Tonoxum y=uv , oTKya y=u— +Vv—.

IToncraBiisiem 3HAUEHUSA Yy Uy B NIOCJIEAHEE YPABHEHNE



U— +V (= — ) =x%. (45)

Haiinem ¢yHKIMIO U TaKyl0, 4TO

dv u _
= -==0 (46)

Torga ypaBHeHue (45) npumeT BUj

du

2
UE_X' (47)

Pemras ypaBHenue (46) kak ypaBHEHHE C pa3eisONIMMUCS TEPEMEHHBIMU,

dv u
—_ ——= 0’
dx X
du dx
T.C _——
dx X

OTKYyZa, OCJIE UHTETPUPOBAHUS, IOJTYIHM

In|u| = 1n|x|,

T.C u-=Xx.

[loncraBuB 3HaueHue GyHKIMHU U B ypaBHEeHUH (47), HailneM



nnn dv = xdx.

x2

Otcrona V= 5 +C.
Htak, o01yM peleHueM JaHHOTO YpaBHEHUS SIBISCTCS (QyHKITHS

2 3
y=x(x7+C)=x7+Cx.

Haxomum uyacTHOe pelieHue, yIOBIETBOPSIONIEE HAYAIbHOMY YCIOBUIO y=1/2 mpu
x=1,

1—1+C C=0
> =3 ,T.eC=0.

CJIGIIOBEITGJIBHO, HCKOMBIM YaCTHBIM PCHICHHUCM ABJISICTCA Q)YHKHI/IH

1 3
= =X
y 2

PaccmoTpum peliieHne JMHEHHBIX ypaBHEHHM B Jipyroil ¢opme. B Teopernueckoi
4acTH 3TOr0 TNojpasfiena yKa3aH BHUJ OOLIEro peleHUs JHHEHHOro ypaBHEHUS
MIEPBOTO MOPAIKA

y=UV,rae yHKIUMU U U V MOXHO HAaWTH MO (popMyJiam:

u=e~J pPtadx

_ QM)

dv = (%)

dx,

OTKyma V = f%dx
IIpumep 20. Haiitu ob1uiee pernieHre ypaBHEHU X y' -y = - X

Pemmenue.

[IpuBenem ypaBHEHHE K CTaHIApPTHOMY BHIY, pPa3JC€iIMB €ro Ha X. MOJy4YaeM
YpaBHEHHE

!

y' -==-1.

LI S



torna P(x)=- i , Q(x) =-1.
Haxomgum dyHkIuio U:
1 dx

u= e—fP(x)dx = e—f(—;)dx = ef x =elw =x,
Hrak, U = X.
Haxoaum gyHkmmio V:
v=[Zdx=-[Zdx=-In|x| +C

x x '

Tormay =uv=x (- In|x| + C) — oOmee pericuue.

IIpumep 21. Haiitu oG1iee pemienne ypaBHeHUs y' +y = e™ .

Pemenne.
3necs P(x)=1,Q(x)=e*

—X

e—Jldx = o ’

Torma U=
= e_—x = =

v=[—=dx=[dx=x+C

u y=e *(x+ C)-— obuiee pericHue.

Ipumep 22. xy’ +y = Sinx.

Pemenue.

Paznenum ypaBHeHue Ha X:

sin x
y' +i=

X X

3neck P(x) = 1/x , Q(x) = 22X

X

1 dx
uze JPOax = g7 5d¥ = o/ 50— gmtnx = o

sin x

v=| " dX:fo;nx:fsinxdxz —cosx + C.

Torma y=1/x (—cosx + C) — ob1iee pericHue.



IMpumep 23. y'sinx —y cosx = 1.
Pemenwue.

Pasnenum ypaBHeHue Ha SINX:

, cosx 1
sinx y sinx
nin
!
-ctgxy =
y g y sinx

1

sinx’

3necs P(x) = - ctgx, Q(x) =

u=e J(=ctgx)dx = of ctgxdx — ,ln|sinx| = gjnx.

1

v= [ gy = {1 dx=-ctgx + C.

sinx (sinx)?

Torma y = sinx (- ctgx + C) — oOmiee perieHue.

IIpumep 24. (1+ x°)y’ - Xy = 2X.
Pemennue.

Pazzennm ypasrenue Ha (1+ x°):

r X _ 2X
Y iy T i
X 2X
3necr P(x)=- e Qx) = —
u= e_f(_ 1-:(x2 )ax _ ef 1:X2dx = 31/21n|1+xz| =1+ x2.

_ 2x _ 2x - 2
V= i X e = me €

Tormay=+v1 +X2(-\/%+C).

1.6 Bompochl 1Jisi CAaMOKOHTPO.JIsI 10 pa3aeny 1

1. Kakoe ypaBHeHue Ha3biBaeTcs auddepeHimaibHbIM?
2. Kak onpenenuts nopsaok auddepeHnmaisHoro ypaBHeHus ?
3. CKOJIBKO TMOCTOSHHBIX MHTETPUPOBAHMUS uUMeeT JuddepeHnranibHoe

ypaBHEHHE MEPBOTO MOPsAAKA? TPEThEro MmopsiaKa’?



4AMOXHO M TIPOBEPUTH MPABWIBHOCTh perieHus auddepeHmaibHOro
ypaBHeHus? Kak 310 cienars?

5.UeMm otninuaetcs audpepeHimanbHoe ypaBHEHHE OT aaredpandeckoro?

6.Yem otnuuaercs pemieHre Au@epeHIIManbHOr0 YpaBHEHUSI OT pelIeHUs
anredpandeckoro?

7.B 4em 3akirouaercs 3anada Komm?

8.KakoB reomerpuyeckuii cMpich 3agaun Komm?

9. Uem otauuaercs mudepeHnanTbHOe  YpaBHEHHE C  pa3/eIeHHBIMU
MepeMeHHBIMH 0T  audPepeHnnanTbHOTO  YpaBHECHUS C  Ppa3nensIoIMUMUCS
MEPEMEHHBIMU?

10. Kak pa3nenstor nepeMeHHbIe?

11. 3anuimuTe OOImMHA BU OAHOPOIHOTO JU(dEepeHIIMATILHOTO ypaBHEHUS 1-T0
MOPSIIKA.

12. Kakoli moacTaHOBKOW pemiaeTcs OJHOPOAHOro audhepeHINaIbHOTO
ypaBHeHHs 1-ro mopsiaka?

13. 3amumuTe 0oO0mMi Buj JuHEWHOTro auddepeHInaIbHOro ypaBHeHus 1-ro
MOPSITKA.

14. 3anumure NOPSAOK peHIeHHs JTUHEHHOTO audQepeHnalibHOro ypaBHeHus 1-
TO TIOpsKa.

2. InddepenuuaibHble ypaBHEHUS] BTOPOIo MOPSIAKA
2.1 O0mue NOHATHUS U ONpe/e/IeHUs

HuddepennmansHoe ypaBHEHHE BTOPOrO MOPsIKA B OOIIEM Cilydae 3aliChIBacTCs B
BUJIE

F(Xy,y,y")=0, (48)

WJIA, €CJIM 3TO BO3MOKHO, B Pa3pEIIECHHOM OTHOCUTEIBHO V" BUJIE

y'=f(x,y,¥) (49)

Onpenenenne. dynkmus y = o(x, C;, C,) Ha3piBaeTcs o0OMUM pelieHUEM

muddepeHnanTsHOTO YpaBHEHUS BTOPOTO TOPSJIKA, €CIU TMPU TOJICTAHOBKE €€ B
muddepeHnransHOEe ypaBHEHUE MTOCIEeIHEe 00paIaeTcsl B TOKIECTBO.

2.2 Henouanble auddepeHuuaibHble ypAaBHEHNUS 2-T0 MOPSIIKA.

2.2.1 O0uue NOHATHUS U ONIPeieTeHUsl



VYpaBHeHue, cojaepaiiee Mpous3BogHble ( wian auddepeHiransl) HE BBILIE
BTOPOTO TMOPSIKA, HA3bIBACTCS OugghepenyuanbubiM YpasHeHuem 8mopoco nopsokKd.
B o0miem Buzie ypaBHEHHE BTOPOTO TOPSIKA 3aITUCHIBACTCS CIEIYIOIIUM 00pa3oMm:

=S (0 3) (50)

Ob6mee pemenre qudPepeHnnanbHOT0 YPaBHEHUSI BTOPOTO MOPSIAKA COJAEPIKUT
JIBE MPOU3BOJIbHBIE OCTOSIHHBIE.

[Ipocreiiiiee ypaBHEHHE BTOPOTO MOPSAJIKA UMEET BUJL

y" =1(x). (51)

VYpaBHEHHUS 3TOr0 BHJA PEIIAIOTCS JBYKPATHBIM HHTErpupoBanueM. [lomaraem y' =
Z(x); rorna y” = z' u ypaBuenue (51) npumer Bun 2’ = f(x), unum dz = f(x) dx. Orcrona

z = [ f(x) dx = F(x) +C4,
riae F(x) — ogna u3 nepBooOpasubix st GyHkimu f(x). Tak kak Z =y’, TO
y' = F(x) +Cy i dy = F(x) dx + C; dx.

Otcrosia, MHTErpupysl €ie pas, HaxoJAUM OOIlee pelIeHUE UCXOJHOTO YpaBHEHHS B
00J1aCTH , TJ€ CYIIECTBYIOT pacCMaTpUBAEMbIE HHTETPAJIBI:

y=[F(x)dx+ Cx +C,

2.2.2 PelieHue NPUMEPOB.
dZ

IMpumep 25. Haiitu o61iee perieHne ypaBHEHUS d—xz = sinx.

Pemenne. Dto HemonHoe mu((PEPEHINPOBAHHOE yPAaBHEHUE BTOPOTO IOPSIKA
d?y

dy
BUIA  —5 = f(x). [lonmaraem ~; = 2 TOIJIa IaHHOE YpaBHEHNE MOXHO 3aIucaTh B
X X

BUJIE

d dyy dz
I (dx) = sinx, T.e. T sin x

Otkyna dz = sin xdx.

HNHTerpupys nmocieaHee paBeHCTBO, MTOIYyYUM
jdz = jsinxdx,T.e. z=—cosx + (C;

CnenmoBarteibHO,

d

% = —cosx + C;, T.e.dy = (—cosx + C;)dx.



CHoBa MHTETpUPYs, HAXOAUM
jdy = j(— cosx + Cy)dx,unmny = —sinx + C;x + C,.

OTO0 U ecTh 001Iee peIeHUE JAHHOTO ypaBHEHUS.

. d? d 3 d
IIpumep 26. Haiitn yacTHOE pelIeHHE ypaBHEHUS d—x}; =2 d—i, ey = u é =1

mpu x=0.
Pemenne. Oto HenmosmHoe muddepeHnnansHOe ypaBHECHUE BTOPOTO TOPSIKa BUIA
d?y f (dy)
dx2 dx/’
d? dz

d dz
TonoKnM —= = Z; TorJa 2= U, 3HAYUT, — = 2Z.
dx dx? dx dx

Pa3nenuB B 3TOM ypaBHEHUM IEPEMEHHBIE U HHTETPUPYS, HOJIYIUM.

dz dz oyt C
—=2z; | —=2|dx, Inz=2x+C; z=e***t“
z z
CrnenoBaTebHO,
dy
2x+C
— = 1 F'3
I (*)
T.e. dy = e?**C1dx,
HHuTerpupys, HaX0AUM OO0IIee pelicHUEe JAHHOTO YPaBHCHUS:
y=(1/2)e** + (, (+*)

JIist HaXOXKAEHUSI KCKOMOTI'O YaCTHOT'O PELIEHUs MOJCTAaBUM B COOTHOIIEHUS ()
u (**) HauvajgbHbIC JaHHBIE:

1=¢e%

1 = eZ'O+C1
{ 3/2=(1/2)e* +C,

3/2 = (1/2)e?%*C + ¢,, M {
orkyaa C; =0, C, =1.

Takum 00pa3oM, HCKOMOE YacTHOE pernenue umeet Bug y = (1/2)e?* + 1

o d?y 1 dy dy
IMpumep 27. Haiitu 9yacTHOE pEIIEHUE YPABHEHUS — = ———, €CJIM YV = 2 U — =
p p p yp dx?  x+2dx’ y dx
8

mpu  x=2.



Pemenne. Jto HenonHoe nuddepeHnraibHOe YpaBHEHHE BTOPOTO MOPSAKA BUA

&_f(xd_Y)
dx? “dx)
2

dy d<y dz
Ilonoxxum — = z; Torga — = —.
dx dx? dx

d?y
HOI[CTaBI/IB BBIPAKCHUA JIA — U B TAHHOC YPAaBHCHUC, IIOJTYyUYUM
dx?

dx

dz 1

dx x+2

Pa3nenuB nepeMeHHBIE U UHTEIPUPYS, UIMEEM

dz_ dx .j'dz_j dx nz =] +2) 4 InC
z x+2' )z Jx+2 nz=lIn(x+2)+Int

Otkyna z = Cy(x + 2).
CrnenoBaTtesbHO,

dy

e C.(x + 2). (*)

Teneps MOKHO HalTH OOLIEe pelIEeHUE JAHHOTO YPaBHEHUSA:
Haiinem yacTHoe pelieHue, mocTaBuB B ypaBHeHUs (*) u (**) HauanbHbIC JaHHBIE:

{ 8=0C,(2+2)
2=(1/2)C,-22+2C,-2+C,

Otkyna C;=2 u C,= - 10. Takum 006pa3oM, HCKOMOE YaCTHOE PEIICHHE UMEET BHU]
y = x? + 4x — 10.

2.3/Iuneiinble  auddepeHnnanbHble  yPaBHEHHsI  BTOPOro  MOPSIKa ¢
MOCTOSTHHBIMH KO3 PUIHEeHTAMU

2.3.1JIuneiinbie oxHOPOaAHBbIe TU(depeHInATbHbIE YPABHEHUS BTOPOr0 MOPSiAKA
€ OCTOSTHHBIMM KO3 PHUIHEHTAMH.

Onpenenenue 1. Jluneiinvimu 00HOPOOHBIMU OUDPepeHyUaIbHbIM  YPaABHEHUEeM
8MOPO20 NOPAOKA C NOCMOAHHBIMU KOG Duyuenmamu HA3BIBACTCS YpaBHEHHUE BHIA

y +py +qy=0 (52)



rae P 1  — IOCTOSIHHBIC BEJIMYUHBI.

Teopema Ko aisi MMHEHHBIX HaYaJIbHBIX JAHHBIX (Xo, Y0,Y() 3aAaua Komwu umeer,
IIPpUYEM €JIMHCTBEHHOE, pemeHue y= y(X) ypaBHeHus (52). VYgonerBopsroliee

HAYaTbEHBIM YCTOBHAM Y=(X0)=Yo, ¥ ( X0)= Vo .

Jlns  oTeicKaHus  oOmmIero  pemieHus  ypaBHeHus (52)  cocTaBisgeTcs
XapaKTepUCTHUYECKOe YPABHEHHE

r’+pr+q=0, (53)

., d’y d
KOTOpOoe TofydaeTrcs w3 ypaBHeHus (52) 3ameHoi d_szl’ d—z (y" m y') Ha

COOTBCTCTBYIOIIMEC CTCIICHU I, IpHYEM CcaMa (bYHKHI/Iﬂ Yy 3aMCHSCTCA GHHHHHCﬁ.

Torma o6mee pemenue guddepeHIMaIbHOr0 ypaBHeHUsT (52) cTpouTcs B
3aBUCUMOCTH OT KOpHEW Iy U I, Xapakrtepuctuyeckoro ypasHeHus (53). 3mech
BO3MOYKHBI TPH CITydasl.

| cayuaii. Kopau riu r,— aeiicTBUTeIbHBI M pa3ianuHbl. B 3TOM ciiydae oOuiee
penieHre ypaBHeHus (52) uMeeT BU/I.

y = C;e"* + C,e™?* (54)

Il caywaii. Kopuu riu r,— IedCTBUTENbHBI U OAMHAKOBBI I = I, = I. Torna
oO11iee perieHue ypaBHeHUs (52) 3anuChIBAETCS TaK:

y = (G + Cx)e™ (55)

11 cayuaii. Kopau I} 1 r, — KOMIUIGKCHO — COMpsDKEHHBIE: 13 = a + fi;
r,=a—fi. B stom cinydae oOmee pemeHue ypaBHeHHs (52) 3amuchiBaeTCs
CICAYIOIIMM 00pa3oMm:

y = e**(C; cos fx + C, sin fx) (56)

2.3.2 Penienue npuMepoB.

I 28. P @y _ 2 10y =0
pumep 28. Pemuth ypaBHEHUE ——3 — y =

Pemenne. CocTaBuM XapaKTEpUCTUUYECKOE YPABHEHHE U HaWJEeM €ro KOpHHU:
r?—7r+10=0;r, = 2,7, = 5. Tak KaK KOPHU XapaKTEPUCTUYECKOTO yPABHEHUS
JEUCTBUTENbHBIE U pa3liMyHble, TO o0llee pelieHre AaHHoro auddepeHnnanTsHOro
ypaBHeHus corsacHo Gpopmyie (54) samumercs Tak: y = Cye?* + C,e>*.

d? d
Yy _gdy

IIpumep 29. HaitTu yaCcTHOE peLIEHUE YPAaBHEHUS oz 05, 0,ecmn y=1mn
d

= = —1 npu x=0.

dx



Pemenne. CocTaBuM XapaKTepHCTHYECKOE ypaBHeHHE 12 — 5r = 0, oTkyzaa
=0, r,=5. Tak Kak KOpHM XapaKTEPUCTUUYECKOTO YpaBHEHHUS JCUCTBUTEIbHBI U
pasnuyHbie, TO ob1iee peuieHue M hepeHIManbHOr0 ypaBHEHNU UMEET BUI:

y = C,e%* + Cye®, T.e. y=C; + C,e>*

JUIs1 HAX0KIEHHUsI KCKOMOT'O YaCTHOTO PELICHUS HYXKHO ONPEACIIUTh 3HAYCHHUS
noctosiHHbix C; u C,. IloacraBuB B obmiee pemienne 3HayeHus x=0, y=1, momydum
1:C1+C2.

[IponuddepennpoBa  oluiee pelieHHe W TOJCTaBUB B IMOJTYYEHHOE

d d
BbIpakeHue 3HadyeHus: x=0, é = —1, umeem ﬁ = SCZesx; —1 = 5C,. Orcrona
maxomum: C, = —1/5, C; =1—-C, = 6/5. Takum oOpazom. HMckomoe dYacTHOE

pelienye umeer Ay = 6/5 — (1/5)e>* .
n 30. P gD 16y =0
pumep 30. Peuwts ypasnenne: ——= — y =0.

Pemenne. CocTaBuM XapaKTEPUCTUYECKOE YPAaBHCHHE M HAWIEM €Tr0 KOPHH:
r2—8r+16=0; r, =1, = 4. XapaKTepUCTUYECKOE yPAaBHEHHE MMEET pPaBHBIC
NeHCTBUTEIbHBIE KOPHU; MTOATOMY corjlacHO (opmysie (55) obiee pelieHne TaHHOTO
nudpepeHManbHOrO ypaBHEHHU 3amuchiBaeTcs B Buae y = (C; + Cyx)e*™,

Ipumep 31. Pemuts ypaBHenue y” - 6y’ +25y = 0.
Pemenne. CocTaBUM XapakTEPUCTUUECKOE YPaBHEHHUE M HAWJEM €ro KOpHHU:
r2—6r+25=0; 1, =3+4i,r, =3 —4i; 31ecb a =3, B =4.

Tak kKak XapaKTEPHCTHYECKOE YpaBHEHHUE HWMEET JBa KOMILJIEKCHO-COMPSIKEHHBIX
KOpPHsI, TO o0Imee perreHne audQepeHnnanbHOro ypaBHeHUs coriacHo gopmyie (56)

3anuceiBaercs B Buae y = e3*(C; cos 4x + C, sin 4x).
Ipumep 32. Haiitu yactHoe pemieHue ypaBHeHus y” + 8y’ + 16y =0, ecmmy =1 u
y'=1npux=0.

Pemenne. CocTaBUM XapakTEPUCTUUYECKOE YpaBHEHUE U HAMIEM €ro KOpHU:

r’4+8r+16=0;r,=r,=-4.

Torna oOmiee pemenre qaHHOTO AU PEpeHIMaTILHOr0 YpaBHEHUS COTJIacCHO (hopmylie

(55) 3amuchiBaetcs B Buge y =¢ - (Cy+ Cox).



JIJ1st HaX 0K ICHUSI YaCTHOTO PEIICHUS HAXOIUM IMPOU3BOJHYIO OT OOIIETO PeIieHUSI:
y'=(e ¥ (C1+Cx)) =) (C1+Cox)+e ¥ (Cp,Cox) =
=-4e ™ (Ci+Cx)+Cre ™ =-4e™Ci-4e™ -Cixt Cre ™

HOI[CTaBI/IB Ha4YaJIbHBIC YCJIIOBHA B BBIPAXKCHHA A Yy H yl , IIOJIYYHUM CHUCTCMY

YPaBHECHUI

{ 1=C1e0+C2'0'e0,
1=C180+C280—4C2' 0- eO,

1 B Cl'
1 - _4‘C1 + Cz,

W {
otkyna C;=1 u C, = 5. CnenoBaresibHO, ICKOMOE YaCTHOE PEUICHUE UMEET BU/JT
y=¢ " (1+5x).

Ipumep 33. Haiftu yactHoe pemienue ypaBHeHus y” +- 6y’ + 13y =0,eciuy=1wu

y'=5nmpux=0.

Pemenne. CocTaBUM XapakTEPUCTHUYECKOE YpaBHEHUE M HallIeM €ro KOpHHU:

r2—6r+13=0; r, =3 +2i, r, =3 - 2ii 3mece o = 3, P= 2. Tak kak
XapaKTEPUCTHUECKOE YPaBHEHHE MMEET JBAa KOMIUIEKCHO — COMPSDKEHHBIX KOPHS, TO
obmiee pemrenne aud@epeHManbHOro  ypaBHeHUs coryacHo  opmyse  (56)

3anuckiBaeTcs B BUAe y = e>*(C; cos 2x + C, sin 2x).
Huddepenupys odiee penieHue, UMeeM

y =  3e3*(Cicos2x+ C,sin2x) +  e3*(—=2C,sin2x +2C,cos2x) =
= e3"(3C1 cos 2x + 3C, sin 2x — 2(C; sin2x + 2C, cos 2x) =

e3*((3C, + 2C,) cos 2x + (3C, — 2C;) sin 2x).

HOI[CTaBI/IB TCIICPb HAYAJIBHBIC YCJIOBUA B BBIPAKCHUS JISI Y U y’ , [IOJIYIUM CHUCTCMY

YpPaBHEHUM



{ 1 = e%C;cos0+ C,sin0),
5=e%(3C; +2C,)cos0 + (3C, — 2Cy) sin0),

1=C1,

i {5 =3C, + 2C,,

otkyna C; =1, C, = 1. Takum o0pa3om, ICKOMOE YaCTHOE PELICHIE UMEET BUJ

y = e3*(cos 2x + sin 2x).

2.4 JluHeliHble HeOJHOPOAHbIe H(pdepeHIHATbLHbIE YPABHEHHS BTOPOIO
NOPSAKA € MOCTOSIHHBIMHU K03 dunueHTaMu

Ooumwit Bum: y" + py’ + qy = f(x), rme p u q neiictBurenbHbie uncna, f(x)£0 —
HEKOTOpast PyHKIUs, Y — UCKOMas (PYHKITHSI.

OO61iee pelreHrne HEOTHOPOIHOTO PEIICHUS Y, HAXOAUM KaK CyMMY OOIIEro penieHus
Yoo COOTBETCTBYIOIIETO OJHOPOJHOrO ypaBHeHus y” + py' + qy = 0 u 4dacTHOro
pelIeHUs] HEOJTHOPOJAHOTO YPABHEHUS Yoy, HAUAECHHOTO 110 BUJly TPABOM YacCTH :

You = Yoo T Yan- (57)

IIpaBu/ia HAXOKIAECHUS Yoy

1.Ecnu mpaBast 9acTh ypaBHEHUSI UMEET BH]L

f(x) = e™ ‘Py(x), (58)

rae P, (x) — MHOTOWIEH cTenenu N, To Uy OyeT UMETh TaKOW e BUJI, IPUUYEM, €CIIH:
a) o He SIBISIETCS KOPHEM XapaKTePUCTUIECKOTO YPaBHEHUS, TO

Yuu = e™ Qn(x), (59)

rae (Q,,(x) — MHOTOWIEH CTENEHU N C HeoNpeAeIeHHbIMU KO3 PUIIMeHTamMu;
0) o sIBJIAETCS KOPHEM XapaKTEPUCTHUECKOrO ypaBHEHUS, TO

Yau = X e Qn(x), (60)

rae I — KpaTHOCTh KOPHS .

2. Ecniu mpaBast 4aCTh ypaBHEHHSI UMEET BUJ

f(x) = e™ (P, (x)cospx +Qm(x)sinpx), (61)

TO:

a) ecyid o 1 B He SBISETCS KOPHEM XapaKTePUCTUICCKOTO YPABHEHHUS, TO



Yar = €% (Sg(x)cospx +Dy (x)sinfx), (62)

rae Sp(x) 1 Dy (X) — MHOTOWICHBI cTenern K = max( m;n);

0)ecmu o £ 13 sBISETCS KOPHEM XapaKTEPUCTUIECCKOTO YPABHEHHUS, TO

Var =X - €% +(Sp(x)cosPx +Dy (x)sinPx), (63)

rae Sp(x) 1 Dy (x) — MHOrouwneHs! crermend K = max( m;n) u r — KpaTHOCTh Iapbl
KOpHel o + 1 f3.

B MHOrouneHax KO3(QQUIMEHTHI HE OMNpEAeNeHbl, HUX HAXOAIT METOJ0M
HEONpPEeIeICHHBIX KOA(h(PHUITMEHTOB.

Wtak, nopsiiok penieHus: JMHEUHBIX HEOJHOPOAHBIX AU(depeHIINaNTbHBIX YpaBHEHUN
BTOPOTO MOPSIIKA C TOCTOSIHHBIMU KO3 DUIIEeHTaAMU

1) cocTaBUTh COOTBETCTBYIOIIEE OJHOPOIHOE YpaBHEHUE, HAUTHU €ro o0lee perieHue -
yOO ;

2) HAlTU Yq,;— YaCTHOE PEILICHHE HEOTHOPOJIHOTO YPaBHEHUS,
3) 3anucaTh o01Iee peuieHue HEOJHOPOIHOTO YPABHEHUS - Vou = Yoo T Yan

4) HATH YaCTHOE pelIeHUue UCXOTHOTO MU (PepeHIInaTbHOTO YpaBHEHUS MPU 3a1aHHBIX
HaYyaJIbHBIX YCIOBUSX.

[ToTpennpyemcsi HAXOIUTh Y., B OOIIEM BUJIE, HE HaX0s KO OUIIMEHTOB.

[pumep... y" - 3y’ + 2y = f(x), rae a) f(x) = 4, 6) f(x) =x-1, B) f(x) = 3x°.

Pemenwue. Tak kak f(X) B Kak10M ciiydae SIBISCTCS MHOTOWICHOM, TO HET HEOOXOIUMOCTH
HAXOJIUTh KOPHU XapaKTEPUCTUUECKOTO YpaBHEHHUSI.

[Tonyuaem a) y,,, = A, Tak kak 4 —const ( popmyna 59 npu oo=0wu n =0) ; 0) y,, = Ax+B,
TaK Kak x-1 — nmHeinas Gyskums ( popmyma 59 mpr o =0 u N =1); B) Vo = A X° + Bx +
C ( popmyna 59 mpu a=0wu n =2).

IIpumep 34. CocrtaButh O0OmMI BHUA MNpaBoil yacTu pemieHus AuddepeHInaaTbHOro
ypaBHeHust y” + 5y’ +4y = f(x), rae

a) f(x) = e°,0)f(x) =xe?*, B) f(x) = e*sin3x,

HE HAXO/Is1 3HAUYCHUS HEOMPEACICHHBIX KO PUIIUEHTOB.

Pemenune. Haliiem KOpHH XapakTepUCTUYECKOTO YPAaBHEHUS:

k> +5k +4=0,k;=-1, ky=-4.

[TokazaTenn HSKCMOHEHT HE SBIAIOTCS KOPHSMHU XapaKTEPUCTUUYECKOTO YpaBHEHUS,

MO3TOMY pellIeHUs OyayT UMETh BU/I:



a) Y = A €% ( popmyna 59 npu o =5 u n =0)

0) Yur = (Ax+B) e2* (popmyna 59 npu o.=2un =1)

B) Yuy = €* (AC0S3X + B sin3x) ( popmyna 62 mpu o.=1, 3 =3 un =0)

Ipumep 35. y” + 5y’ +4y =f(x), rne a) f(x) = e™* ,0) f(x) =xe ¥,

Pemenwne. Halinem KopHH XapaKTepHUCTHIECKOTO YPaBHEHUS:

k® +5k +4=0,k; =-1, k,=-4.

OueBuaHO, 4dYTO JUIsI Ciay4das a) T[IOKa3aTelb OKCIOHEHTHl SIBISETCS KOPHEM
XapaKTePUCTHYECKOTO YPaBHEHHUS KPAaTHOCTH I =1, o3TOMy Yy, = A X e *( popmyna 63
npu r=1,a=-1un=0).

Jlst cirydast 6) Vur = AX° e * (popmyma 63 mpu r =2, o = - 4 u n =0).

Ipumep 36. y" + 4y’ +4y = f(x), rue f(x) = e 2%,

Pemenne. Halinem KOpHH XapaKTEpUCTUYECKOIO YPABHEHUS:

k® +4k +4=0,k =k, =-2.

[Toka3zaTenb SKCIIOHEHTHI SIBISETCS KOPHEM XapaKTePHUCTUYECKOTO YPABHEHHUSI KPAaTHOCTH
[ =2, HOPTOMY Vuu = X° € 2% ( hopmyma 63 mpu =2, a = -2 u n =0).

Teneps paccMOTpUM METOJT HEONPEACIEHHBIX KOAPPHUIINEHTOB.

Mpumep 37.y" - 3y’ + 2y = f(x), rae a) f(x) = 4, 6) f(x) =x-1, B) f(x)=23x"

Pemenue.

a) Yau = A. 17151 yI0OCTBA 3amucu 0003HAYHUM Yoy = U, T.€. U =A

Haxomum U'= A’ =0, u” =0. [TocraBuM 3Ha4eHus U, U' 1 U” B UICXOTHOE YpaBHEHUE:
0-3-0 + 2A =4, cnmenoBaTenbHO, A = 2, IOATOMY Vqy = 2.

0) u=Ax+B, U= A, u” =0. [loctaBum 3HaueHus U, U' 1 U” B UCXOJHOE YPABHEHUE:
0-3A +2(Ax+B) =x-1.

Packpoem ckoOku u mpupaBHsieM KOIPOUIIMEHTH MPU TMEPEMEHHON X OIMHAKOBOMN
CTETICHHU:

—3A +2Ax+2B = x-1.

b " 2Ax = X,
CIIaeM CHCTEMY YPaBHCHHIA: {_ 3A + 2B = —1.
{ 2A = 1,
- 3A +2B = —1.

A=Y, -3:-1/2+2B =1, Torna B = V4.



Var = 1/2x+1/4.

B)U =Ax’+ Bx+C,u =2Ax + B, u” =2A.
[ToctaBum 3HayeHus U, U' 1 U” B UCXOAHOE ypaBHEHUE:
2A —3(2Ax + B) + 2(A x* + Bx + C) =3x°.

Packpoem ckoOku u mpHupaBHIeM KOIPOUIUEHTH MPU TMEPEMEHHON X OJWHAKOBOU
CTCIICHHU:

2A —6AX -3 B +2A x*+ 2Bx +2 C =3x2

2A =3,
Nmeem - 6A + 2B =0,
2A —3B +2C =0.

Pemras cucremy nonyuyaem 3Hauenust koddduiuentos A = 3/2, B =9/2, C =21/4.

Van = 3/2 X2+ 9/2x + 21/4.

Hpumep 38. y" + 5y’ +4y = e°%,

Pemenre. U = A e3*,u’ = 5A e%*, u” = 25 e°%,

[ToctaBum 3HaueHus U, U'u U” B UCXOAHOE ypaBHEHUE:

25A e + 5-5A e +4- A %X = %%,

BriHecem 0011IMiT MHOKUTENb:

e*(25A+25A +4A) =1,

ciegoBaTelbHO,54A =1 A = 1/54.

Van = 1/54- &%,
Ipumep 39. y" + 4y’ +4y = e 2%,

Pemenne. Halinem KOpHM XapaKTEpUCTUYECKOTO YPABHEHUS:

k?® +4k +4=0,k =k, =-2.

[TokazaTenb SKCIIOHEHTHI SIBJISETCS KOPHEM XapaKTEPUCTUUECKOTO YPaBHEHHUS KPAaTHOCTHU

[ =2, MOATOMY Vuy = AX* e %%,

U=Ax" e 2 U =2Axe ?* —2Ax%- e 2 U"=2A e Z2x*—4x +]).

IToctaBuM 3HaueHus U, U'u U” B UCXOAHOE YpaBHEHUE:

2A e 2X(2x% —4x +1) H4( 2Axe™ —2A X% e Z)+4 Ax® 72X = e
e *(4Ax® -8Ax + 2A +8Ax -8AX® + 4Ax%) = e %,

Pazgmenmum o0e 4YacTHM paBeHCTBA Ha e X u npupaBHAEM KOY(PQUIHMEHTH U

MEPEMEHHON X OJIMHAKOBOM CTEICHMU:



2A=1uA="%.

Torzma yu, = 1/2x% 2%,

2.5 Bonpochl AJ1s1 CAMOKOHTPOJISI 1O pa3aeny 2.

1) 3armmmmure o0 BU HETOTHOTO MU PepeHITMAIEHOTO YPaBHEHUS 2-T0 TIOPSIKA.
2)Kakyr0  MOACTAaHOBKY  CleAyeT NOPUMEHUTh Ui  PELIEHUS  HEIMOJIHOrO
G depeHIMaTbHOTO YpaBHEHHsI 2-T0 MOPSIKA, HE COJIEPKaIero MEPEeMEHHY0 Y7
3)Kakyr0o  MOACTaHOBKY  CIIEyeT NPUMEHHTb JJs  PEIICHHS  HENOJHOIO
G depeHIManbHOTO YpaBHEHHsI 2-T0 MOPSIKA, HE COJIEPKaIero MEPEeMEHHYIO X7

4) CKOJIBKO TPOU3BOJBHBIX TOCTOSHHBIX BXOJUT B OOIIEE pEIICHWE HEMOIHOTO
TP depeHINaNbHOTO YpaBHEHHS 2-TO MOPSAIKA.

5) 3anuimTe TOPSIOK pelieHus ypaBHeHus Buaa y” = f (x;y).

6) Kak cocTaBUTh XapaKTEpUCTUYECKOE YpaBHEHHE NU(PEepeHInanbHOrO ypaBHEHUS
2-T0 TIOPSZIKA C IOCTOSIHHBIMU KO3 duriueHTamu?

7) 3anummre obmiee perieHue audQepeHInanbHOr0 ypaBHEHUS 2-TO TOpsIKa ¢
MOCTOSIHHBIMU  KOX(h(UIIMEHTaMU, €CITM KOPHH XapaKTePUCTUYECKOTO YpaBHEHUS
pa3uYHbIC JEHCTBUTEIbHBIC YMCTIA .

8) 3ammmmuTe oOmee pemeHue aUGOEPSHITMATIEHOTO YpaBHEHUS 2-TO TOPSAKa C
MOCTOSTHHBIMU KOO PUITMECHTaMH, €CIIM KOPHU XapaKTePUCTHUECKOTO YpaBHEHUS
paBHBIC JCHCTBUTENHHBIC YHCIIA.

9) 3anummre obmiee permeHne audQepeHITNaTbHOTO ypaBHEHHUS 2-TO TIOpSIKa C
MMOCTOSIHHBIMU  KOd(h(pUIMeHTaMmu, eCcii KOPHH XapaKTePUCTUYECKOTO YpaBHEHUS
KOMITJIEKCHBIC YHCIIA.



Pasznen3. luddepeHunanbHbie ypaBHEHUsI B HAYKe M TEXHUKE

3.1 CocraBiienue auddepeHIHAIBHBIX YPABHEHHUIA.

Mgl yxe OTMedanu, YTO MHOTHE 3a71a9i (GU3UKH, TEXHUKHA, OMOJIOTUN M COIMATBHBIX
HayK pemarpTcs mnpu nomomu auddepeHmanpbHbIX ypaBHeHnd. [Ipum 3ToM cHaudana
cocrapisieTcss AU GEepeHIINATBLHOEe YpaBHEHHE, KOTOPOE 3aTeM peliaeTcs, BO MHOTHX
YACTHBIX CIydasx, [0 OJHOMY M3 YKa3aHHBIX BBIIIE CTIOCOOOB B 3aBUCHMOCTH OT €TO THIIA.
CocraBnenne audPepeHIUATBHBIX ypPaBHCHHM IO YCIOBHIO 3aJaddl HAlOMHUHAET
cocTaBlicHHe anreOpanmdecknx ypaBHeHuW. Ilpm pemeHnn 3amad Ha COCTaBJICHHE
muddepeHnnanbHbIX YpaBHEHUH IITUPOKO HCIOJIB3YETCS] TEOMETPUUCCKUN U (U3HUECKUN
CMBICJI TPOU3BOAHOM, a TAK)KE U3BECTHBIC 3aKOHBI €CTECTBEHHBIX U COIMATILHBIX HAYK.

PaccMoTpuM HEKOTOpBIE MPUMEPHI.
ITpumep 40. Kornencarop, eMKoCcTh KoTOporo Q, BKIIFOUaeTCs B IICTb C HANPSKCHUEM
E u conporusnennem R. Onpenenuts 3apsaa ((t) koHaeHcaTOopa B MOMEHT BpeMeHH t, eciu

B HayaJbHBI MOMEHT BpEMEHH OH ObUI paBeH Hymo. A Eciu B MoMeHT BpemeHu t 3apsin
. dq
KoHaeHcaTopa paBeH ( (f), TO K STOMy MOMEHTY BpEMEHM TOK | paBeH w0 @

ANEKTPOABMKYIIAs cuiia E paBHa pazHocTH Mexay HanpsbkeHueM 1enu U u HanpsbkeHueM

KoHzeHcaropa 9/Q, T.e

CoruiacHo 3akoHy OMa i=E/R, oTkyza

d9 L a _ U (64)

dt QR R

VYpaBHenus (64) sBisercs JIWHEWHBIM TU(GGEPESHIUMATBLHBIM YPaBHEHUEM TIEPBOTO

nopsiika. J{s ero peiieHus caeiaaeM NoJICTaHOBKY ( = UV, OTKyAa

dq dv du
dt u dt dt

dq q U
NJIn —_— ==
dt QR dt



d
IloncraBisAs 3HaueHus ( u d—(t] B ypaBHeHuE (64), rpynnupys 4ie€Hbl, coAeprKaume V,

BBIHOCH €T0 3a CKO6KI/I, I[MOJIy4YuM

du du ul)_U
Ua'l‘ V(E + &) =R (65)

Haiinem ¢yHk1mio U, yIOBIETBOPSIOUIYIO YCIOBUIO

du u _
- + R 0, (66)
TOr/1a ypaBHeHHUE (65) MpUMET BUT

du _U

TR (67)
N3 ypaBHeHus (66) Haxoaum
du_ _
u QR
OTKYJla, UHTETPUPYSl, MOTydaeM

Inlul=—-t/(QR)

WIH u=e~t/(QR), (68)

[ToacTaBuM nosiyueHHy0 QyHKIMIO U B ypaBHeHue(67), Torna

et/@ LU o gy= L et@) gt
dt R R

OTKyZIa v=_ get/(QR) dt= g QR e/@Q®) +C,
W v= QU e/ (@R +C,

Takum obpazom, = QU+C et/(QR),



[Tocrosiunyto C Haitnem u3 ycnosuit =0 npu t =0 :

0= QU- QUeY(@QR) = QU(1-e¥(QR),

3.2./Iu¢depennnanbHoe ypaBHeHHe IOKA3aTeIbLHOT0 POCTA.

Psin 3amad Ha coctaBieHue quddepeHIMaabHbIX YpaBHEHUAM BUA

y=ky, (69)
rac k- IIOCTOAHHAs BCIIMUHMHA.

VYpaBuenue (69) Ha3bIBACTCS ypasHeHUeM noxkazamenvHo2o pocma. Ero cMbICI COCTOUT B
TOM, YTO CKOPOCTh U3MEHEHUS (PYHKIIMU MPONOPIIMOHAIbHA CaMOl (DYHKITUH.

[lepenumiem ypaBHenue(69) B Buje

Pa3,[[eﬂ5[ﬂ MICPCMCHHBIC U UHTCTPUPYA, HAXOOAUM
f% =[ kdx =1n|y|=kx+1n|C =|1nly| = 1ne+1n|C|,

17031 y=Ce** (70)

IIpumep 41. Karep nBuxercs B CIIOKOHHOM BoZe co CKOpocThio Vo= 20 km/4. Onpeneantb
0

CKOpPOCTh KaTepa 4epe3 2 MHUH MOcCJie BBIKIIOYEHUs aBurarens, eciau 3a 40 ¢ onHa

YMEHbIIWIACK 10 V1=8KM/4. CONPOTUBIICHUE BOABI MPOMOPIIMOHAIIBHO CKOPOCTU JIBHXKCHUS

Karepa.

Pemenue. IlycTte ckopocTh ABHMKEHMS KaTepa B MOMEHT BpeMeHM t paBHa V. Torma Ha

JBMDKYIIMICS KaTep ACHCTBYET Cujia COmpoTuBieHus Boasl F=—Kv. Ho cormacHo 3akony

dv
Heroroma F=ma=m S & COTJIacHo,

dv _
m-—= —kv. (71)



VYpasuenue (71) sBuserca auddepeHIHaTbHbIM ypaBHEHHEM IOKA3aTeIbHOIO pPOCTa,

MOATOMY €ro OOIIUM pelieHueM OyaeT

v(t)=Cet ’ (72)
[Tocrosauyro C HaitaeM n3 HadambHOTO yeinoBus V(0)=20 km/4:
20=Ce=0 T.e. C=20

Wtak, CKOpPOCTh MBIDKCHHS KaTepa TIOCJIE BBIKIIOUCHHS JBHTATENs OIPEIeIseTCs
_k,
bopmymnoii v=20e m". (73)

—-k/m

Haitnem 3HaueHUs1 MOCTOSIHHOM € . Ins1 aTOTO BOCTIONB3yeMCst ycrmoBrueM, uTo mpu t= 40

,c=1/90 4 ckopocTh V=8 Km/4:

k

_ X =4 %
8=20e m =~ T.ee m = (2/5)".

90

[onoxus B paserctse (78) t=2 mue=1/30 mun u e~ %/™ = (2/5)% | naiinem ncxomyo

CKOPOCTb:
V= 20((2/5)*)"*= == 1,28 (xwm/)

IIpumep 42. CxopocTh pacmana paaus B MOMEHT BpeMeHM U MpomopluoHajbHa €ro
kosmmdectBy M(t). IlycTh B HawambHBIA MOMEHT BpeMeHU Macca paaus M= 200r. CKoJIbKO
pamus ocranercs depe3 300mer, ecnmu u3BecTHO, uTo mepuon T momypacmaga paaust (
IPOMEXYTOK BPEMEHH, Uepe3 KOTOPbIN MepBOHAUYaIbHASI Macca pajusl yMEHbIIAETCS B JIBA
paza) paBeH 1550 rogam?

Pemenue. U3 ycnoBus 3aaun numeem

dm _
dt

—km, (74)



rie K >0 .3Hak MHHYC TIOKa3bIBaCT, UTO Macca paaus yObIBaeT, a ClIeJIOBATEIbHO,
dm o
CKOPOCTh pacnaja  —- OTpuuaTenbHa. MuTerpupys ypaBHeHue (74), naiinem ero oOimee

pelieHue
m(t) = Ce™ (75)
Cornacno yciosuto M(0)=200r; umeem

200= Ce-*? | T.e. C=200.

CraemoBaTeNbHO , m(t) = 200e™ .

Koadduiuent K naitnem u3 ycmosus, uro m(t) = %m(O) = % 200 = 100 mpu T=1550:

100= 200¢155%e 1550k =1 /9y 1550k — 9 1550K=1n2k = % ~ 0,0004474.

in2

Takum o6pazom, m(t) = 200e 550" .

[Tomoxus  t=300, HaiieM KOJHMYECTBO pajaWsi, OCTABIIETOCS HEPACIABIIMMCS dYepe3

300xeT:

in2

m(300)=200 e Ts50°°° ~ 200e~0.000447:300 174 88,

3.3 InddepennuaibHoe ypaBHeHHE TAPMOHMYECKUX KOJIeOaHUIA.

[TycTh mapmk Maccoii M MpUKpEIIeH ABYMsS MPWKUMaMH TaK,  KaK TOKa3aHO Ha
puc.a???. B nonoxxeHnu paBHOBECHUS KOOpAMHATA IIEHTpA Iapuka paBHa Hyat0. CMecTum
mapuk B HarnpasieHun ocu Ox puc. b. Torna cornacHo 3akoHy ['yka Ha mIapuk JEHCTBYET

cuia, HpOHOpHI/IOHaHBHaﬂ CMCIICHHUIO X,
F=—yX, (76)

rae y>0. 3Hak MUHYC YKa3bIBaeT, YTO BOCCTAHABJIMBAIOIIAS CHJIA HAMpaBJieHA B CTOPOHY,

MIPOTHUBOIMOJIOKHYIO HanpasJeHNto cmenlenus. [1o Bropomy 3akony HeroTOHa nmeem



F=ma (77)
N3 pasencts (76) u (77) cienyer

m= —yX. (78)

Tak kak YCKOpPCHHUEC a HpﬂMOJ’IHHCfIHOFO ABWIKCHUS C€CTb BTOpPAA IIPOU3BOAHAA

d2
KOOPIUHATHI (ITyTH) 110 BpeMeHH t (a:d_:z)’ TO paBeHCTBO (78) MOXHO IEPENUCATh B BUIE

dz | vy
—+—x=0.
dt2  m

TonokuB W° = Y/ M, HOMydHM

dz

5+ w? x=0. (79)

VYpaBuenue (79) ABnsgercss OJMHOPOIHBIM JIMHEWHBIM  JTU(PPEpEeHIINATbHBIM YPaBHEHUEM
BTOPOTO MOPSAKA C TOCTOSHHBIMU KOd(PHIIeHTaMu.

Ecnu ¢usmyeckas BenMuMHA M3MEHSIETCSI BO BPEMEHH B COOTBETCTBHHM C YpaBHEHUEM
(79),T0 TOBOPSAT, UTO OHA COBEPILACT 2apmonuyeckue koaebanue. Iloaromy ypaBHenue (79)
Ha3bIBACTCS QughhepenyuanvHbiM YypasHeHUuem 2apMOHUYECKUX KOeOaHUI.

Pemum ypaBuenue (79). st 3TOro cOCTaBUM XapaKTEPUCTUYECKOE ypaBHCHUE W HaWIeM

€ro KOpHHU:

K+ ©°=0,T.e ki=oi, k= oi.

CrnenoBartenbHO, OOIIMM pelieHrueM ypaBHeHus (79) Oyner QyHKius
x=C, c0s ot+C,sin ot. (80)

Bwmecto nmpou3BoibHbIX TOCTOSHHBIX C; 1 C; COOTHOIICHUSMHU



C;=Asinp, C, = Acos¢ (81)
Torna paBeHcTBo (80) mpuMeT BUA
x=A sing cos ¢t +A c0S ¢ ot,
WM x= A sin (ot+e) (82)

PaBenctBo (82) sBmsAeTCs ypasHenuem 2capmonudeckux konebanun . BenawunmHa A
MpeAcTaBIsieT co00M HauOoNblllee OTKIOHEHHWE Tella OT IIOJIO)KEHHS PaBHOBECHUS U
HA3BIBACTCS AMNAUMYOOU KOJIeOAHUSL.

U3 paBenctBa (81) cieayer

Tak kak Sin U — nepuoauveckas GyHKINSA ¢ HAUMEHBIIAM MTEPHOAOM 2T, TO HAUMEHBIITHIA

MIEPUO]T TAPMOHUYECKOTO KOJIcOaH!s HallIeM U3 PaBeHCTBA
w(t+T) +o= ot+e+2m,
OTKyJa T=21/w. (83)

Benuuuna o=2n/T Ha3bIBaeTcsi uacmomoti konebanus. HakoHel, BEIMYMHY () HAa3bIBAIOT

HA4aibHOU (ha30tl TAPMOHHYECKOTO KOJICOaHHUS M HaXO AT U3 paBeHCTB (81).



TecToBBIC 3a1aHUA

3ananmel.YcTaHOBHUTE COOTBETCTBUE MEXAY 3aMHUChI0 MU PepeHInanbHbIX YpaBHEHUN
MEPBOIO MOPSAJIKA U UX HA3BAHUSMU.

1) (2x-1) dy +(3y+2) dx = 0
2) (3x%+y?) dy + (2x%-3y?) dx = 0
3)y' +2xy = e*
A) nuHenHoe
B) onHnoponHoe
C) ¢ pa3aensaronMucs NepeMeHHbIMU

3ananmue 2. Pa3nenenue nepeMeHHbIX B 1uHepeHIInaIbHOM YpaBHECHHH
Sinxcosydx +SinycosXdy =0 npuBeaer ero K BUay...

BapuaHnTel OTBETOB:

1) Sinxcosxdx _ dy |, 2) cosxdx _ cosydy
Siny cosy '’ Sin x siny
sinxdx _ sinydy |, cosxdx _ cosydy
3) - - ) 4) . - . .
COoS X cosy Sin x siny

3ananme 3. OnpHopomubiMU JuddepeHIInaTbHBIMI  YPABHEHUSIMU TI€PBOTO  MOPSAKA
ABJISIFOTCS] YPABHEHUH. ..

BapI/IaHTbI OTBCTOB:
1) y dy = In % dx; 2) y?dx = e*dx;
3) (x+y)dx +xdy =0; 4) X Z—i’ = y+ €0’ %

3ananue 4. YCTaHOBUTE COOTBETCTBHE MEKAY HAYaJIbHBIMU YCIOBUSIMH WU PELICHUSAMH
ypaBHEHUsA y' -X = 0, NOJy4YEHHBIMHU IIPU JTAHHBIX HaYaJIbHBIX YCIOBUSX.

Dy(0)=0
2)y(0)=1
3)y(2)=0.

BapuaHTbl OTBETOB:
XZ
A) Y= ; +1

2
B)y=";-2



2

C)y==
3apanue 5.00mee pemenue nuddepeHnnanbHoro ypaBHenus y” + 4y = 0 umeet BuU/I. ..
BapuaHTs! OTBETOB:
1) y=Cie™+Ce™ 2) y=C;c082x + C, sin2x;
3) y=e"™Cix+Cy); 4) y= *(C1c082x + C, sin2x ).

3apanmne 6. OOuiee penieHUE JMHEWHOTO OJHOPOIHOTO IU(PPEepeHIIMAIBHOIO ypaBHEHUS

BTOPOTO HOPSKA C IOCTOSHHBIMU Kod(puumenTamu umeeT Bug y = Cp e?* + +Ce™

TOT'Ja KOPHHU XAPAKTCPHUCTHUYICCKOI'O YPABHCHUA PABHBI. ..

BapuanTe! 0TBETOB:
1) N=r,=2 2) rh=-2, rn=1

3) 1=0,r,=-1 4) r1=2,1r, =-1
3apanme 7. YactHoe pemienue auddepeHunasbHOro ypaBHeHUS
y"+2y -Sy= 3x%, HaiiieHHOE 11O BUy TIPABOM YaCTHU UMEET BUJI. ..
BapuaHTbl OTBETOB:
1) y=Ax+B 2)y=A
3)y= AX?+Bx+C; 4)y=(Ax+B) x?
3ananme 8. Onpenenuts yacTHOE pemieHue AU dhepeHIanb-HOro ypaBHEHUS
y " —y=sin2X , yuuthiBas (opMy IpaBoil YacTH. ..
BapuaHTbI OTBETOB:
1)y= Acos2x + Bsin2x;  2)y=(Ax +B) cos2x + (Cx +D) sin2x;

Jy=Aec*+Be"; 4) y=¢e* (A cos2x + B sin2x).
OTBeTHI K TECTOBBIM 3aJaHUAM.
3aganue 1.0tBeT: 1-C, 2-B, 3 -A.

3amanue 2. OTBeT: 3.



3amanue 3. OTBET:

3amanue 4. OTBeT

3aganne 5. OTBeT:
3aganue 6. OTBET:
3aganne 7. OTBET:

3aganne 8. OTBeET:

1 u3.

:1-C,2-A, 3-B.



3akJIroYyeHue

brmaromaps mMpoKOMYy Kpyry JUCUMIUIMH, B  KOTOPBIX  HMCHOJB3YIOTCS
auddepeHnranbHble  ypaBHEHUS, U3Y4YEHHE AITOM TeMbl MPHOOpETaeT 0co00 BaKHOE
3HaYeHHE B CHUCTEME CpeIHEro mnpodeccruoHanbHOro obpazoBanus. Juddepenuanbuoie
YpaBHEHHS IOMOTAOT Pa3BUBATh OCHOBHBIE UJIEM MATEMATHY€CKOIr0 MOIeJIMPOBAHMS U
dbopMHUpOBaTh yMEHUE MPABUJILHO AHAJM3MPOBATH MPHUKJAJAHbIE 32]a4d M J1eJaTh
BbIBOAbI. Bo3HukHyB B 16 Beke Ha 0a3e 3amady MEXaHUKH M (PUBHKH, TEOPHUS
auddepeHnrnaIbHbIX YPaBHEHHM KaK CaMOCTOATEIbHAS TUCIUIUIMHA CIIOKUIACh K KOHILY
18 Bexa. B mnHacrosimee Bpemsi teopust auddepeHIHaNbHBIX YpaBHEHUN MPOJOIIKACT
Pa3BUBATBCS U ABJISETCA OAHOM U3 BAXKHEMIINX YaCTEN MAaTEMATHKHU.

Bonbuioit Bkian B pa3BuTHe Teopuu auddepeHIHaTbHbIX YpaBHEHUI BHECIU
poccuiickue u coBerckue ydenble M.A. JlaBpentbeB, IO.A. Mutpononbsckuii, A.4.
XununH, U.I'. [leTrpoBckuid u gpyrue.



IIpunoxenne A ITlpeodpazoBanus APOOHBIX BbIPAKEHU I

b d d b
1.2: E:}a:_c’ b:a_ C_a_ d= be
b d d c
2.ab=<=a==b=",c=abd, d== =
d b ad ab



IIpuioxenue b HexkoTropbie cBOMCTBA CTENECHU

2. am:a"=aM™"
n

3 (am) =a™"
m

4. an =Yam.
_ 1

5. a"=—

an



IIpunoxenune B IlpeodpazoBanus JorapugMuvecKuX BbIPaKeHUH

1.Ln(x-y) = Inx+ Iny

2.In 5 = Inx — Iny

3Inx=a=>x=¢e%
4.6™ =x

5 enlnx — Xn



Ipuioxkenue I' Pemienue KBaagpaTHBIX yPaBHEHUH

1. ax’+Bx+c=0

D = 8° — 4ac.
-b+VD
Eciu D >0, T0 X1, = ———.
' 2a
b
ECHHD:O,TOX1:X2:-Z.

Ecimu D < 0,10 X1, = 0o £ Pi.
2. X*+px+q=0

Teopema Buera

Xy +X;=-p,

X1 X2=qQ.



Ipunoxenne /I Tadiuuma 0CHOBHBIX MHTEIPAJIOB

n+l

n _ X 1. — _
1) _[x dx_n+1+C,n¢ 1; mpu n OJ'dx_x+C
Z)I— In|x|+C 3) Isinxdx=—cosx+C
4) [cos x dx=sinx+C S)I =tgx +C
cos’ x
6)I =—ctgx +C 7)[ ox =arcsin x+C
Sln 111_)(2
Ky - &
Xzzarctg x+C 9) ja dx_lna+C
10) [e*dx=e*+C 11) [tg x dx=—Incosx|+C
12) Ictg x dx = Insin x|+ C 13)J' §+C
sinx
1 X
14 |t15jc 15 = arcty > +C
)Icosx ng(4+2 " )ja + X2 aangaJr
1, la+x 1 |x-a
16)I =—1In +C 17)I =—In~—=+C
a’-x> 2a |a—x x*-a®> 2a |x+a

=arcsin — + C

dx 7 2

18)".\/7 19) J‘ﬁzln‘x+ x?+a? +C‘
2

20) j\/x2+a2dx:§-\/x2+a2 +a7-ln‘x+\/x2+a2 +C

2

21) | xz—azdx=§-\/x2—a2 —a?~ln‘x+\/x2—a2 +C
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